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Abstract. We study scattering and inverse scattering theories for asymptotically complex 
hyperbolic manifolds. We show the existence of the scattering operator as a meromorphic 
family of operators in the Heisenberg calculus on the boundary, which is a contact manifold 
with a pseudohermitian structure. Then we define radiation fields as in the real asymptotically 
hyperbolic case, and reconstruct the scattering operator from those fields. As an application 
we show that the manifold, including its topology and the metric, are determined up to 
invariants by the scattering matrix at all energies. 



1. Introduction 

Scattering theory and inverse problems for real asymptotically hyperbolic manifold have been 
extensively studied, see for example ^1 El EI ED EH IHTJ OH] and references cited there. Their 
complex analogue, the asymptotically complex hyperbolic manifolds, ACH in short, have not 
been studied as much. They were introduced by Epstein, Melrose and Mendoza 0, and more 
recently have also been considered by Biquard |lj and Biquard-Herzlich [5]. This class of man- 
ifolds contains certain quotients of the complex hyperbolic space by discrete groups, as well as 
smooth pseudo-convex domains in C™ +1 equipped with a Kahler metric of Bergman type. The 
purpose of this work is to extend to the complex case several results which are known for real 
asymptotically hyperbolic manifolds. 

Before discussing asymptotically complex hyperbolic manifolds, we recall certain facts about 
real asymptotically hyperbolic manifolds. An (n + l)-dimensional non compact manifold A 
equipped with a C°° Riemannian metric g is called asymptotically hyperbolic if it compactifies 
into a C°° manifold X with boundary dX, and if p is a defining function of the boundary dX, 
p 2 g is a C°° metric which is non-degenerate up to dX, and moreover if \dp\ p 2 g = 1 at dX. It 
can be shown, see that (X,g) is asymptotically hyperbolic if and only if there exists a 
diffeomorphism ip : [0, e) t x dX — > U C X with ^({O} x dX) = dX such that 

where hit), t 6 [0, e) is a C°° 1-parameter family of C°° metrics on dX. The function p := iji^t is 
a boundary defining function in X near dX, which can be extended smoothly to X. Note that 
the boundary represents the geometric infinity of A, as does the sphere S n for the hyperbolic 
space H ,l+1 . 

The spectrum of A g , the Laplacian of (A, g) was studied in |27| : it consists a finite pure point 
spectrum cr pp (A), which is the set of L 2 (X) eigenvalues, and an absolutely continuous spectrum 
cr ac (A) satisfying 

a ac (A) = [n 2 /4,oo) and a pp (A) C (0,ti 2 /4) . 

The resolvent 



R(X) = (A g -X(n-X})-\ 
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which is a bounded operator in L 2 (X), for SR(A) > V^, has a finite meromorphic extension to 
C\^(n — No), where No is the set of non-zero natural numbers, as a map from C§°(X) — > C°°(X), 
|27|. The poles of R(X) are called resonances. Here, and throughout the paper, we call a family 
of operators finite- meromorphic if it is meromorphic, i.e. it has a finite Laurent expansion at 
each point, and the rank of the polar part at a pole has finite rank. The finite meromorphic 
continuation of R(X) to the entire complex plane exists if and only if h(t) has an even Taylor 
expansion at t = 0. If h(t) is not even, i?(A) might have essential singularities at the points 
i(n-No), EEl- 
It has been shown in QJ |Hj that for 9?(A) = n/2, 3(A) ^ 0, and any / G C°°(dX), there 
exists a unique u\ S C°°(X) satisfying 

(A 9 - A(n - X))u x = 

such that near dX 

ux = P n -\f- + p\f + + o{ P ^ +1 ), /_ = /, /+ e c°°(ax). 

One can use this to define the scattering operator 5(A), for 5ft(A) = n/2, Q(A) / 0, as a 
generalized Dirichlet-to-Neumann map 

5(A) : C°°{dX) — ► C°°(dX) 

f — /+• 

Like the Dirichlet-to-Neumann map, 5(A) is an elliptic pseudo-differential operator, but of 
order 2A — n. It extends meromorphically to C. The first author recently studied Krein theory 
in even dimension manifolds by introducing a generalized determinant of 5(A) and applied it 
to analyze Selberg zeta function for certain quotient of hyperbolic space by discrete groups of 
isometries, in continuation of work by Patterson-Perry (221 - The second author studied inverse 
problems using 5(A). He first proved with Joshi [2H that 5(A) for A fixed determines the Taylor 
expansion of h(t) in then more recently he proves in |$5| that the map A — > 5(A) determines 

the whole manifold up to global isometry. 

We give a precise definition of what we call an asymptotically complex hyperbolic metric in 
Section [31 but we will briefly explain this notion before stating our results. We consider a 
non-compact Riemannian manifold (X, g) that compactifies into X smooth with boundary dX. 
We assume that the boundary admits a contact form Go and an almost complex structure 
J : kerGo — > kerGo such that c?Go(-, J-) is symmetric positive definite on ker Go- The associated 
Reeb vector field To is the one which satisfies 

G (T ) = 1 and dG (T , JZ) = for any Z G kerG . 

The parabolic dilation M p on TdX = ker G © MT is defined by 

M p (V + tT Q ) = pV + p 2 tT , V e ker G , t G M. 

We say that (X : g) is ACH if there exists a diffeomorphism 4> : [0, e) p x dX — > 0([O, e) p x dX) C X 
such that 0({O} x dX) = dX and 

Adp 2 + dQo(., J.) Q 2 _ Adp 2 + h(p) 
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for some symmetric tensors Q p on dX satisfying M*Q p G C°°([0, e) p x dX, S 2 (TdX)). We 
call such a 4> a product decomposition and we say that g is even at order 2k if h~ 1 (p) has 
only even powers in its Taylor expansion at p — at order 2k, here h~ 1 (p) is the metric 
dual to h(p) on T*dX. We will show that the latter is independent of cj>. Note that if p is 
any boundary defining function in X, then p A g\gx — e 4w °6p for some ujq G C°°(X), thus we 
have more naturally a conformal class of 1-form [Go] associated to g. We call the boundary dX 
equipped with (Go, J) a pseudo-hermitian structure and its conformal class ([Go], J) a conformal 
pseudo-hermitian structure. On such a manifold, one can define the class "0e o ipX) of Heisenberg 
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pseudo-differential operators associated to ker Go and its related principal symbol, see [SJ 1341 |S] 
and Subsection 14. 31 below. We can define the "parabolically homogeneous norm" on TdX: 

1 



(e (vo 2 



-dQ Q (V,JV) 2 



and the metric h ■= M*(p- 2 h(p))\ p=0 = d& {., J.) + Gg. 

As in the real asymptotically hyperbolic manifolds, the spectrum of the Laplacian A g of an 
ACH manifold (A, g) consists of an absolutely continuous part and the pure point spectrum 
satisfying 

(1.2) a ac = [(n+l) 2 /4,^) andap P C (0, (n + l) 2 /4), 

where a pp is a finite set of eigenvalues. The resolvent 

R(X) := (A g - A(n + 1 - A))" 1 e H{L 2 {X)), B(A) > ^±1 

is meromorphic, and Epstein, Melrose and Mendoza [x] proved that it has a finitc-mcromorphic 
extension to C\(? U-N ), where 3> := !2d ^-±N , as a family of pseudo-differential operators 
in a certain calculus. If we assume that g is even at order 2k, k G No, it will be shown that Tq 
may be replaced by Tk '■= " +1 / 2 ~ fc — ±N . 

As in the real case, we use this strong result to show that for any A with 3?(A) = (n + l)/2, 
and 3(A) ^ 0, and for any / € C°°(dX), there exists a unique u\ G C°°(X) satisfying 

(A fl - A(n + 1 - A))u A = 0, 

such that near dX 

u x = P n+1 - x f-+p x f + + 0(p E i 1+1 ), /_ = /, f + eC°°(dX). 
We then define the scattering operator 

5(A) : C°°(dX) — > C°°(dX) 
/•—/+• 

This operator depends on first derivative of p at dX, and thus equivalently on the conformal 
representative in [Go]- For another choice p = e^p of boundary defining function with to G 
C°°(X), we clearly have the conformal covariance 

5(A) = e- 2 "°S{\)e 2(n+1 - x)uo , loo ■= u\ax- 
The structure of the operator 5(A) is established in 

Theorem 1.1. Let (X,g) be an ACH manifold even at order 2k, then the scattering operator 
5(A) extends to C \ (—No U Tk) as a meromorphic family of conformally covariant operators 
in the class of Heisenberg pseudodifferential operators 2< " n+1 \dX), which is unitary on 

L 2 (dX, dvol/j ) when 3?(A) = and 9(A) ^= 0. The principal symbol of 5(A) is 

o-pr(5(A))(0 = c» r(2A _ n V ^ V^dWW^) 

where c n € C depends only on n and J denotes Fourier transform from TdX to T*dX. Moreover, 
5(A) is finite-meromorphic in C \ (—No U 3\. U (n + 1 — CP^) ) and has at most poles of order 1 
at each Xk '■= ^p- + \k with k G N, the residue of which is a Heisenberg differential operator in 
*&Q (dX) plus a finite rank projector appearing if and only if Xk(n— 1 — Afc) G o~ pp (A g ). Moreover 
at X2k, we have 

1 fe 

Res X2k S(X) = 2((fc _ 1)|fc!) n(-A 6 + i(k + 1 - 2l)T ) mod *%-\dX) 
where A(,,To are i/ie horizontal sublaplacian and the Reeb vector field of (8X,Qq, J). 
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We also deduce from ^7] an explicit formula between finite-multiplicity poles of S(X) (scat- 
tering poles) and finite multiplicity poles of R(X) (resonances) in Proposition 16. 51 and show that 
essential singularities for S(X) and -R(A) can occur at (n + 1/2 — No)/2 if the metric has no 
evenness property, see Proposition 16. 71 

The proof that S(X), !ft(A) = 3(A) ^ 0, is a pseudodifferential operator in the Heisenberg 
calculus is sketched by Melrose in The novelties in this theorem are the computation of 

the principal symbol of S(X), its meromorphic continuation, and the analysis of the poles. In 
the case where the manifold X is a strictly pseudoconvex domain of C n+1 equipped with an 
approximate Einstein Kahler metric, the relationship between the residues ResA 2fc 5'(A) and the 
Gover-Graham operators of ^2] is announced in |21) . 

Then we study the scattering theory from a dynamical view point as in the Lax-Phillips 
theory. We define the radiation fields, show that they give unitary translation representations of 
the wave group which can be used to define the scattering matrix (|6.1|l from the wave equation. 

The Cauchy problem for the wave equation 

/ (n + l) 2 \ 

D 2 -A a - y ' u(t, m) = in R + x X 
(1.3) V 4 J y ' 1 + 

u(0,m) = Mm), D t u(0,m) = f 2 (z), f u f 2 € C%°(X) 

has smooth solutions u £ C°°(R+ x X), we consider the behavior of u at infinity along some 
bicharacteristics and prove 

Theorem 1.2. Let {p, z) € [0, e) x dX be some coordinates given by product decomposition <j> as 
above. Let u(t, z) be the solution of (|1.3(l . then 

v + (p,s,z') := p- n ~ 1 u(s-2logp,p,z) e C°°(IR x [0, e) x dX). 

We define the forward radiation field as the operator 

■R+ : C °°(X) x C^{X) — > C°°(M x dX), 

(1-4) d 

(/i,/ 2 )^^+(0, S ,z')- 
os 

Similarly one can how that w_(s,p, z) := p~ n ~ 1 u(s + log p,p,z) is smooth on R x [0, e) x dX 
and we can define the backward radiation field by ft_(/i, /2) := 9 s w_(0, s, z). 

Let E ac := H ac (H 1 (X) x L 2 (X)) where ±l ac is the orthogonal projection from L 2 (X) onto 
the space of absolute continuity of A 9 , and let iJ 1 (X) be the first Sobolev space H 1 (X) = {/ G 
L 2 (X); \df\ g G L 2 (X)}. The space E ac is a Hilbert space when equipped with the norm 

11(^0,^)111 := \J x (\^o\ 2 - ^^kol 2 + ki| 2 ) dvol 3 . 

Then we show 

Theorem 1.3. The forward and backward radiation fields 5i± extend to isometric isomorphisms 
from E ac to L 2 (R x dX, drdvol/j ). Moreover, the map defined by 

(1.5) § := tt+Ur 1 : L 2 (R x dX,drdvol ho ) -> L 2 (R x dX,drdvol ho ) 

is unitary and is a convolution operator in s, and conjugating it with Fourier transform in s we 
have 

?S3 r " 1 (A) = -5(A). 

The operator § in l|1.5|l is the dynamical definition of the scattering operator. Next, using 
these tools and after proving a localization result for the support of functions / € L\ C {X) for 
which 3?+(0, /) = in s € (— oo, sq) (a "support theorem" in the sense of Helgason, Lax-Phillips), 
we are able to prove the following result on inverse scattering: 
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Theorem 1.4. Let (X\,g{), (X2,g2) two ACH manifolds with the same boundary M := dX\ = 
8X2, and equipped with the same conformal class of contact forms [©0,1] = [©0,2]- Let S\ (A) , £2 (A) 
be the corresponding scattering operators associated to a conformal representative ©o £ [©0,1] ■ 
If S\{X) = ^(A) on {Jf(A) = ^JijSSA 7^ 0}, then there exists a diffeomorphism $ : X\ — > X2 
such that <f> = Id on M and <E>* 52 = <?1- 

The method we use is very close to that introduced by the second author |35j in the asymp- 
totically hyperbolic case, which was inspired by the boundary control theory of Belishev PJ. 

The paper is organized as follows: In Section 1, we consider the model case of the complex 
hyperbolic space H^" 1 " 1 , then we discuss the geometry of ACH manifolds near infinity in Section 
2. We define the ©-calculus on X and the Heisenberg calculus on dX (these are the "natural" 
class of pseudo-differential operators associated to the geometric structure) in Section 4 and 
we analyze the Poisson and the scattering operators in Section 6. The next sections consist in 
defining raidiation fields (Section 7), prove their relation with scattering operator (Section 8), 
the support Theorem (Section 10) and the inverse problem (Section 11). We conclude with a 
technical appendix. 

Acknowledgement We thank D. Gcllcr, R. Graham, P. Greiner, M. Olbrich and R. Ponge 
for helpful discussions. 

2. The model case of H£: +1 

2.1. H^ +1 and the Heisenberg group H„. The hyperbolic complex space of complex dimen- 
sion n + 1 is denoted by it is the unit ball B n+1 = {z 6 C n+1 ; \z\ < 1} equipped with 
the Kahler metric go := — 4<9<91og(p) where p := 1 — \z\ 2 . Note that p is a boundary defining 
function of the closed complex ball. The holomorphic curvature is —1 and this metric is called 
the Bergman metric. Another model of H^ +1 is given by {z 6 C n+1 ;Q(z,z) > 0} where Q is 
the quadratic form 

(2.1) qm = -\{*i-a)-\y, z & 

and the boundary (the sphere S 2n+1 ) is a compactification of the Heisenberg group 

H„ := {z e C n+1 ;Q(z,z) = 0} = {(»(«i), ^M 2 ,w); ( Zl ,u) e C n+1 } ~txC~ R 2n+1 , 

thus Hp +1 ~ (0, 00) x H„. The variable u := $t(zi) is the one lying in R and we have a contact 
form on H n given by 

$ := du + y.dx — x.dy, 
where u> = x + iy G C n = R" + iM. n . The functions 

p :=Q(z,z)i, u = »(«i), cueC n 

give coordinates on (0, 00) x H„ ~ and the Bergman metric with holomorphic curvature 

— 1 is given in this model by 

(0 9) n 4rfpg + 2|<H 2 , * 2 

\ z - z ) 9o - 5 r- — • 

Po Po 

The Heisenberg group H n is a Lie group with the law 

(u, w)-h„ (u', u)') := (u + u' — $s(u).Q'), uj + lj'), 

the origin is and the inverse (u,w) _1 = ( — 11, —u>). A basis for the Lie algebra h of H n is given 
by the left invariant vector fields 

(2.3) X j = -j=(d aj -y J a u ), Y j = ^=(d Vj +x j d u ), T = d u . 
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The map (u, ui) € K x C™ i— > uT + SJ(ci>j).Xj + ^s(uij)Yj identifies H n with h, and the group 
law becomes 

W.-a n W = (<f>{W + W) - d<5>{W, W'))T + n keT $(W + W), 

where 7rk C r* is the projection on ker$ parallel to T. 

The complex hyperbolic space has a Lie group structure, this is actually a semi-direct product 
of the multiplicative group ((0, oo),x) with (H„, .h„)- We introduce the parabolic dilation 
AIs(pq, it, uj) :— (Spo, 5 2 u, 5to) on (0,oo) x H n (here <5 > 0), then the group law on H^ +1 ~ 
(0, oo) x H„ is 

(2-4) {po,W)^i{^,W) := (p p' ,W. Hn M po (W')). 



and we have for this law (po, W) 1 = (p , —M p -iW). It is easy to check that the corresponding 



\JJQ, VV ) - = !/' ! 

Lie algebra has a basis 
(2.5) p <9p n ,Po<9«,Po^i, • ■ ■ ,Po^«,Po>i, ■ ■ -,PoY n , 

which is orthonormal with respect to the metric go. This algebra will be denoted by ®ToN^ +1 , 
to agree with the notation used in the next sections. Observe also that these vectors and the 
metric go are homogeneous of degree under the parabolic dilation Ms. 

2.2. The Resolvent kernel for H^ +1 . The spectrum of the Bergman Laplacian A go of Hp +1 

is absolutely continuous and equal to er(A go ) = , oo), this leads to study the modified 

resolvent 

R(s) (A^-s^+l-s))" 1 

which is bounded on L 2 (H^ +1 , dvol So ), provided 5i(s) > ^Ji. The Schwartz kernel of R(s) 
has been computed by Epstein-Melrose-Mendoza [Jj and admits a meromorphic continuation to 
C, with poles at —No of finite multiplicity (contrary to what is written in [J]). By symmetry 
arguments, this kernel i?(s; z; z') is expressed as a function of the Bergman distance of d go (z; z'). 
We have 

C o S h = \QM\ 

\ 2 J (Q{z,z)Q(z',z'))h 

where Q is defined in H2.1(l . Using a polar decomposition around the diagonal, the kernel 
R(s;z,z') is obtained as a solution of an hypergeometric ODE, exactly like in the real case, 
and is given by 

R(s; z, z') = c„ — -r(z; z') s 2 F x (s, s, 2s - n; r(z; z')), where 

I (2s — n) 

V V 2 )) ( u -u> + 3( w .cD')) 2 + (p 2 + p 2 + ||w-w'|a) 2 ' 

with c„ constant depending on n and 2 F\ is a hypergeometric function (see [2]), we also used 
the formula 

Q(z, z>) = =l( u -u' + 3(u;.u;')) + \ (poW + Po'W + \\<» ~ ■ 

A change of variables shows that if an operator K has a distributional Schwartz kernel which 
is of the form k(r{z, z')) 1 in other words, it depends only on d go (z, z'), then K is a convolution 
operator with respect to the group law on H^ +1 : 

Ap 2 \ f 1 \2 n+1 d(xdtdz 



(2.7) Kf(p ,u,uj) = J k - - - i |z|2)2 ) f(( P o,u,u;). B , +1 (p,t,z) 

where p^ 1 dpdtdz is a right invariant mesure. The resolvent kernel l|2.6l) is of this form (s is a 
parameter), so the action of the operator R(s) on a function is given by (|2.7|) . 
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Remark: We see that the poles at — m 6 —No have residue 

m m 

P m = ^2a m , k r k - m = (Q(z } z)Q(z',z / ))- m Y,a m MQ(z,zT m ~ 2k (Q(z,z)Q(z , ,z')) k 
k=a k=a 

for some a m ,k € C. But clearly P m has finite rank since it is a polynomial times Q(z, z)~ m Q(z' , z')~ m . 
So the poles are of finite multiplicity. 

3. Asymptotically complex hyperbolic manifolds 

3.1. O metrics. We start by describing the 8 structures of Epstein-Melrose-Mendoza 7 , which 
generalize Bergman type metrics on pseudoconvex domains, as well as quotient L\H^ +1 of H^ +1 
by convex co-compact groups of isometries. 

Let X — X U dX be a smooth 2n + 2-dimensional compact manifold with boundary dX and 
let 8 G C°°(dX, T*X) be a smooth 1-form on dX such that if i : dX — * X is the inclusion, then 
0o := i*Q does not vanish on dX. According to the terminology of [2], the boundary dX has 
the sturcture of a Heisenberg manifold equipped with the subbundle ker8o- 

We first recall a few definitions introduced in jjj. If p is a boundary defining function of dX, 
we define the Lie subalgebra Ve of C°°(X ,TX) by the condition 

VeV e <=> V G pC°°(X,TX) 7 Q(V) £ p 2 C°°(X), 

where 8 € C°°(A,T*X) is any smooth extension of 8. It is shown in that Ve only depends 
on the conformal class of 8. Let T, N, Y\, .. . ,l2n be a smooth local frame in X near a point 
p S 9A such that 

Span(JV,y 1 ,... i y 2 n)ckere, Span^y, . . . ,Y 2n ) c dp(N) — 6(T) = 1. 

Then any V € Vq can be written near p as 

2n 

(3.1) V = apN + bp 2 T + Y^CipYi, a, b, C{ € C°°(X) 

i=l 

and 

(3.2) pA, j0 2 T, /9 y 1 ,..., P y 2n 

form a basis of Ve over C°° (X) near p. The Lie algebra Ve is the set of smooth sections of a vector 
bundle over TX, we denote by ®TX this bundle. Let F p be the set of vector fields vanishing 
at p if p e X or the set of vector fields of the form (|3.1|l satisfying a(p) — b(p) = Ci(p) — if 
p G 9A. The fibre e T p A atpel can be defined by e T p X := V /F p . If jj G 9X, e T p A is a 
Lie algebra, and any vector v G e T p X can be represented as 



2n 

w = apA + 6p 2 T + CipYi, a, 6, Cj G 

i=l 



The dual bundle e T*X of e TI has for local basis near p e dX the dual basis to IpH)) 

dp 8 ai «2 
, ^ , , • ■ • , ■ 
P P P P 

A 8-metric is a smooth positive symmetric 2-tensor on e T*X 

g e C°°(A,S* 2 ( T*A)). 

We are interested in the special cases of 8-metrics for which Epstein, Melrose and Mendoza [7j 
proved the meromorphic extension of the resolvent. We begin by the first assumption, which 
allows to find particular boundary defining functions. 
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(HI) \X p \ g = -ondX 



3.2. Model boundary denning functions. Let g be a O-metric, it thus restricts to a standard 
metric in the interior X. If p is a boundary defining function, we can define the vector field 
X p £ Ve as the dual of dp/p via the metric g, i.e. g(X p ,v) = p~ 1 dp(v) for any v £ ®TX, this 
is a smooth non-vanishing section of TX. It is clear that in X, we have 

P P 

which extends to a non- vanishing vector in C°°(X,TX) transverse to dX since dp{X p /p) = 
\dp/p\ 2 ^ on dX (here V means gradient). We first assume that 

1 

2 

and it is easy to check that this condition does not depend on p. The restriction p A g\xdx 1S 
conformal to the tensor Oq, which leads to the definition of the conformal class [Oo]. 

Lemma 3.1. Let e 2w °0o € [Oo] with £ C°°(dX), then there exists a unique, up to Cq°(X), 
boundary defining function p of dX such that \X p \ g = 1/2 in a neighbourhood of dX and 

P 9\TdX — e u 0' 

Proof: If x is a boundary defining function we search for a function u> £ C°°(X) such that 
p := e^x satisfies \X p \ g = \dp/p\ g = 1/4 near dX, this can be rewritten under the form 

(3 3) 2 Mj | W - V£z_^ , 

XX X 

This a first order non-linear PDE with smooth coefficients since \dio\ 2 g — 0(x 2 ), \X x \ g = 1/2 
at x = and since X x /x is transverse to dX , it is easy to check that this equation is non- 
characteristic. By prescribing the value wl^o — ojq, we obtain a unique solution in a neighbour- 
hood of dX. □ 



Such a boundary defining function will be called a model boundary defining function. Let <pt 
be the flow of the vector field 4X p / p, we consider the diffeomorphism 

[0, e)xdX -> 0([Q, e) x dX) £ X 



(t,y) My) 

Then p{My)) = t and for any Z £ TdX 



4>*g(d u d t ) = ^, 4>*g( dtl z) = ^ = Q. 

We will write t — p and X p — pd p for what follows and we call this diffeomorphism a prod- 
uct decomposition near dX. Note also that Q(d p ) = since pd p £ Ve- With this product 
decomposition, the metric g has the form 

4dp 2 + h(p) 



(3.4) 



p 2 



in (0, e) p x dX with h(p) a family of metrics on TdX for p / and such that h{p)/p £ 
C°°(dX, S 2 ( e TX)) depending smoothly on p £ [0, e). 

We will say that the metric is even is h(p) , as a metric on T*dX has an even Taylor 
expansion at p = in the product decomposition. It is straightforward to see that this condition 
is invariant with respect to the choice of model boundary defining function p (i.e. of product 
decomposition), for instance from the proof of Lemma 2.1 in |lf>| where the PDE is replaced in 
our case by (|3.3(l . Indeed, if x is a model boundary defining function and p — e^x another one, 
u> has to satisfy 1)3. 3J1 . that is 

2d„w+x{(d x co) 2 + \du\l M ) =0 



({d x u) 2 + \du\ 2 h{x) 



SCATTERING AND INVERSE SCATTERING ON ACH MANIFOLDS 



f) 



and the evenness of the Taylor expansion of IcM 2 ^) at x — was all that we needed in |16| . 
Note that evenness at order 2k can also be defined invariantly by requiring 9p J+1 /i _1 (0) = for 
all j < k (see again ^j] f° r similar definition in the real case) . 

3.3. Additional assumptions. Following [7J, we define for p € dX the one-dimensional sub- 
space of e T p X 

K 2tP :={Vep 2 C°°(X,TX)}/F p 

and the In dimensional subspace 

K hp := {V eV e ;V = pW, W tangent to dX}/F p . 

The subspace K\ p is a two-steps nilpotent Lie algebra which is the fibre over p of the tangent 
Lie bundle defined in . We denote by K\ , K 2 the bundles over dX whose fibre at p are 
Ki tP , K 2 , p . Near p £ dX, let {Y x , . . . , Y 2n ) be a local basis of ker 9 C TdX and T e TdX such 
that 9o(T) = 1 , this give a local basis of TdX. A basis of K 2tP is given by the class of p 2 T 
mod F p , whereas (pYi, . . . , pY 2n , p 2 T) mod F p gives a basis of Kx tP , This easily shows that K 2 
is included in the centre of K\ . 

Let us denote K\ — ker(p~ 1 dp) the subbundle of e TX, it is isomorphic to TdX over p ^ 
and equal to K\ over p = 0. Thus the choice of a function p (or product decomposition of dX) 
induces orthogonal decompositions for g (outside {p = 0} for the first one) 

TX ~ Rd p © TdX, e TX ~ Rpd p © A x . 

Using this decomposition, we extend 9o on Rd p © TdX to be constant with respect to p, and 
such that &o(d p ) — 0, in particular 9o is extended by 0*9 at {p = 0}. Then p~ 2 9o is a smooth 
section of e T*X and ker 8o, ker(p~ 2 9o) are respective subbundle of TdX,K\. We have an 
isomorphism of vector bundles 

(TdX/ ker 9 ) © ker 9 -> #i 

(p;T p ©Y p ) (p; pF + p 2 T mod F p ) ' 



where Y, T are smooth local sections of T([0, e) p x 9A), constant with respect to p, such that Y S 
ker9 , Y(p) = F p , and T(p) = T p mod ker9 . Via V>*, the form_9 on (T5A > /ker9 ) © ker9 
is mapped onto the form p _2 9o on K\, The subbundle (T<9X/ker9o) is mapped onto K 2 
by ip and ker9o onto the bundle ker(p~ 2 9o). Similarly the 2-form d9o|kore is mapped onto 
(p~ 2 d<do) |kcr(p- 2 e ) • A- l° ca l choice of vector T transversal to ker 9o in TdX in a neighbourhood 
Up of p <E 9A fixes a vector p 2 T transversal to ker(p _2 9o), thus a representative vector p 2 T\ d x 
of K 2 , and a local basis p _1 a!i, . . . , p _1 a2n for the annihilator (ker(p _2 9o))* of M.p 2 T in K* (i.e. 
the dual of ker(p~ 2 9o)) can be chosen. 

In view of this discussion, we have that p~ 2 h(p) 6 C°°([0, e) x 9A, S* 2 (K{ )) and we can write 
near a point p G dX 



/i(p) _ v gj g gj ^ q^9q 

~7p~ — a ~~4 + / > °ij 75 h Z^° i 73 



p^ p* ' — ' p* * — ' p° 



for some functions a, 6j, € C°°(X). Note also that a| p= o is globally defined and can be taken 
to be 1 by changing the conformal representative of [9o] ■ 

Let us denote by g p the metric on e T p X, in terms of l|3.4|l and l|3.5|l . this is 



3-6) g p = 4— + — + > Cijip) + > biip) 3 

' — l «=1 



The assumptions of 7 on the metric correspond to the minimal assumptions for which g p is 
isometric to the complex hyperbolic metric. The second assumption made in [7] is that 

(H2) 9q is a contact form on dX 
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which means that d@o is non-degenerate on kerOo. The next hypothesis is that for the orthog- 
onal decomposition K\ >p = K 2 , v L p for g p , the map 



L p ► ®T p X 



[pd P ,Z] 



is the identity. Since L p is spanned by some Z\ — Y) j hjpYj + kip 2 T mod F p the assumption 
clearly reduces to ki — since p 2 T mod F p commutes with any elements of Kx lP , therefore 
L p = (ker(9o//0 2 ))p. Then by orthogonality of the decomposition, this means that bi(p) = 0, i.e. 

(H3) ker (^) ± g K 2 . 



The last assumption of jZj is 

(H4) 3 j£ End(ker (^)), J 2 = -Id and ^-(.,J.)=g on ker C K 1 

which, using the bundle isomorphism tj), is actually equivalent to the following 

(H4') 3 Je End(ker9 ), J 2 = -Id and d@ (-, J-) = P 2 s|kcre 
where the restriction p 2 g|kcre i s the metric on the bundle ker0o C TdX whose value on Shel- 
ter Oo) p is the limit lim t ^o ^ 2 (0*ff)(t,p)- 

3.4. Asymptotically complex hyperbolic manifolds. An aymptotically complex hyperbolic 
manifold, or ACH manifold, is a non-compact Riemannian manifold (X, g) such that there 
exists a smooth compact manifold with boundary X which compactifies X, equipped with a 
O-structure, such that g is a O-metric satisfying assumptions (HI) to (H4). 

In view of the above discussion there exists a product decomposition (0, e) p x dX near the 
boundary where the metric can be expressed by 

,, 7 x ±dp 2 + h{p) 

(3.7) g = - 2 

with h(p) a smooth family of metrics on dX for p ^ such that 

(3.8) Mrt = ^ + ^eo^) + Jer(is , M . 

p p p 

The form &o induces the metric ho and the volume density on dX 

(3.9) ho := 6q + rfO (., J.), dvol^ = |6 A d0ff|. 

By choosing a different representative Qq = e^'So, it is easy to check that the corresponding 
metric is h = e 2uJ °Ql + e"°d6 (., J.) and the volume form is dvol^ o = e (n+1)w °dvoU . It is then 
natural to call the couple ([©o], J) a conformal pseudohermitian structure on dX. 

In view of the assumptions on Go for an ACH manifold, there exists a smooth global vector 
field, denoted T , tangent to dX such that 6o(7o) = 1 and d8o(T , Y) — for every Y £ ker6o; 
this is Reeb's vector field. With the notation of l|3.7J) . we can define 

M*h(p) 

(3.10) k(p) := 

P 1 

where M s : TdX -> TdX is the dilation M s (tT + V) := S 2 tT + SV if V £ ker9 , t £ M and 
To is Reeb's vector field. Observe that k(p) is a smooth family of metrics on dX up to p = 0, 
k(0) = ho and the volume form is dvol g = p~ 2n ~ 2 'dpdvolh( p \ — p _2 ' i_3 c?pdvol fc ( )9 ). 

Remark: An ACH manifold in the sense of Biquard-Herzlich [H] is quite similar to our setting, 
the difference lies in the term g of (|3.8|) : for them, g = 0(p s ) for some S > and g does not have a 
polyhomogeneous expansion at the boundary, whereas in our case the metric is polyhomogeneous 
but we can allow terms of order 0(p~ 3 ) in the Oq direction, for instance. 
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4. HEISENBERG PSEUDO-DIFFERENTIAL OPERATORS 

4.1. G calculus. We denote by Diff^ l (X) the set of differential operators of order m which are 
locally polynomial functions (with coefficients in C°°(X)) of vector fields of Ve, i-e the envelop- 
ping algebra of V&. The Laplacian of a 0-metric is an operator in Diff^X). In [7], the authors 
construct a class of pseudo-differential operators ^ e (X) on X which is large enough to capture 
the resolvent (A g — z)^ 1 . It is defined in term of distributional kernel lifted on a parabolic 
blown-up version of X x X 

We define the blow-up (or stretched product) Xq following Epstein-Melrose-Mendoza we 
refer the reader to sections 5,6,7 of |Z] for more details. Let 7Tr, ttl be the right and left projections 
of X x X onto X, and for a choice of boundary defining function p in X, we denote 

P '■= KlP, p' ■= K* R P- 

Let A be the diagonal in X x X, dA its boundary, and let S C N*(dA) be the line subbundle 
of the conormal bundle of OA in T*(X x X) spanned by tt* l Q — 7r^6. We denote by Xq := 
[X x X; dA, S] the S'-parabolic blow-up oflxl around dA. This means that we construct 
a larger manifold than IxXby replacing dA by the ^-parabolically spherical normal interior 
pointing bundle in X x X: 

X% := (X x X \ dA) U SNs^+dA 

where SN$ } + means the bundle over dA such that each fiber is the quotient of the interior 
pointing normal bundle (without the section) N + dA\{dA} of dA C Ixlby the equivalence 
law 

(4.1) (it, z) ~ («', z') <^=> 3d > 0, (u, z) = M s {u', z') := (5vf, S 2 z') 

after decomposing N + dA — S° S' for S° annihilator of S and 5" a complementary space. The 
complementary space has to be taken a certain way so that the total space is invariant under 
the dilation Ms of l|4.1|l . but this can be done (see Sec. 6]). We call SNs : +dA the front face 
and denote it ff, we define the blow-down map 

/3 : X% -> X x X 

to be the identity outside ff and the projection on the base on ff (recall ff is a bundle). We can 
put a topology and smooth structure on Xq by taking those of X x X far from dA via (3 and 
near ff, one can use a choice of normal fibration 

f:U^V, /| 9A = H, df = Id on N+dA 

where U (resp. V) is a small neighbourhood of the submanifold dA in N + dA viewed as zero 
section (resp. X x X), and transport the topology and smooth structure of [N + dA; dA, S] 
through / after we have defined them on this space as follows: homogeneous functions of non- 
negative integer order in N + dA\dA with respect to dilation Ms lift under /3*/ _1 to well defined 
functions on /3 _1 (V^), the topology is the weakest such that these are continuous functions, the 
smooth structure is that generated by these homogeneous functions. This is proved in 7 to be 
invariant with respect to choices of /, S' as a smooth manifold with corners. The manifold Xq 
has three boundary hypersurfaces, the front face ff, the right boundary rb and the left boundary 
lb (cl means closure) 

rb := cl(/T *({/ = 0} \ <9A)) , lb := cl(/T *({> = 0} \ dA)) 

we denote by pg, pib,Prb some corresponding boundary defining function, for instance one can 
take pib := f3*(p)/pg, p T b ■— P*{p')/ps if ps is a chosen boundary defining function for ff. 
If one has a coordinate system (p, u, z) with (it, z) local coordinates on dX such that ®q = 
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du + y.dx — x.dy is in Darboux form and z — (x,y) G R™ x R n , denoting the same with prime 
for left factor on X x X, then 

(l 2 /2 1, /,2n2 2\3 P p' U Z — Z 1 

Ps ■= ( (P + P + - \z - z \ ) +u I , pi b := — , p rb := — , i = -j , uj = —= — 
are "local coordinates" near the front face. 

If S is the subspace of the conormal bundle N*dA of <9A C dX x X spanned by ^l&o — tt|j0, 
then we can define similarly dX Xq X = [dX x X; dA, S] the S parabolic blow-up of dX x X 
along 3A, we let f3' be the blow-down map. Finally the blow-up dX e = [dX x dX; dA, Sg] is 
defined the same way if Sg is the subspace of the conormal bundle N*dA of d A C dX x dX 
spanned by tt^Qq — ^r^o, the blow-down map is denoted j3g. 

Next we define the full class of 9-pseudodifferential operator ^q(X) as in Section 12 of [7j. 
An operator A G pg tt ^ Elb ' Erb (X) with (s, £7g, E lh ,E lb ) G C 4 if its Schwartz kernel lifts under 
/3 to a distribution on I X9 I such that 

k a G W/^C»(i|) + p Ett T{A bl Xl ) 

where 3 s (A t ,Xxel) means the set of classically conormal distribution of order s to the interior 
diagonal 

A t :=cl(/?- 1 (A\9A)) 

and vanishing at all order at all other boundary faces than ff. This is well-defined since A t meets 
the boundary of Xq only at ff (in the interior of ff). We also define ^ E ' E (X) to be the set of 
operators with Schwartz kernel in p E p' E C°°(X x X). 

4.2. The Normal operator. If we look at the model case of Hp +1 , it is clear that the Lie 
algebra ®TqX (the boundary point is G H„) is canonically isomorphic to the Lie algebra of the 
group H^ +1 with the law l|2.4|) . which is the reason of the notation for this last Lie algebra in 
Section 1. 

For p G dX, consider X p := {dp > 0} C T p X the inward pointing part of T p X, then B T p X 
acts on C°°(X p ) as follows. On a neighbourhood U p C X of p, we first define the dilation 

M 5 : TX\ Up TX\ Ur , M 5 {V) := 5(dp{V)d p + 7r ke r0 o (F)) + 6 2 e {V)T 

where 7Tk cr e is the projection on kerOo parallel to To,d p . Let V(p) G e T p X such that 
(p- 1 dp)(V(p)) > 0, let V G Ve whose value at p is V(p), and set V'(p) = lim s ^ M$V which 
is a well defined smooth vector field on X p , homogeneous of degree with respect to Mg and 
depending only on V(p). Then the map 

(a n\ / e T p X — > C°°(X p ,TX p ) 

[ ] I V( P ) V'{p) 

realizes e T p X as a Lie algebra of smooth vector fields on X p , left invariant for the group action 
on X p generated by e T p X, this action on X p being 

(4.3) V. P V := dp(V)dp(V')d p +(e (V+M dp{vl) V')-de (W,M dp[vl) W'^ 

W = n kcT e (V), W = 7r keT e (V) 
with neutral e p := d p . The value of the left-invariant vectors on X p at e p identifies T ep X p with 
the Lie algebra e T p X of X p as usual. Using 

Q ([Y(p),Z(p)}) = -de (Y(p) : Z(p))=p 2 g\ kcreo (Y(p),JZ(p)), Y{p),Z{p) G (ker6o) P! 

with assumption (H4'), there exists an orthonormal basis (X[, . . . , X' n , Y{, . . . , Y 7 [) of (ker 8o) P 
with respect to |Ci 2 £/| k ere such that JX[ = -Y(. The set (Hc +1 )o = {dpo > 0} C T Hc +1 is 
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clearly identified as a group with H^ +1 and the group action on X p is isomorphic to the law 
of H£ +1 through A p : X p -» (H£ +1 ) ~ H£ +1 defined by 

n n 
i=l i=l 

using notations of Section This gives for each p £ dX an isometric Lie algebra isomorphism 
(®T p X, g p ) — > (*ToH^ +1 , go) given by (cL4.p) e = A p (actually the linear extension of A p to T p X) 
such that A*$ = 6. 

The normal operator N p is the map from the envelopping algebra Diffe(A) of Ve to the 
envelopping algebra D( e T p X) of e T p X induced by the projection V — > V(p) from Diffe(A) 
to e T p X. Then for A £ Diffe(A), N P (A) acts by convolution as a left invariant differential 
operator on X p by 14. 2|) . The normal operator can be considered as an operator on H^ +1 by 
conjugating {A^'yV A* p if V £ e T p X. 

The metric g p on ®T p X ~ T ep X p induces a left-invariant metric on X p and it is easy to check 
that this is the metric obtained by lim^o M£g. A computation leads to 

N p (A g ) = A gp = -\{ P d p f + ^Pd p - p 4 T (pf + p 2 A b (p) 

where A b (p) is the horizontal sublaplacian on dX p equipped with the Reeb field Tq(p) and the 
contact distribution (kerOo) p . Using conjugation with A p , this is the complex hyperbolic Lapla- 
cian on H£ +1 . 

If we look at the action of vector fields in Ve lifted through /3*7r£ on Xq, this action restricts 
smoothly on each fiber of the front face ff p to be the left invariant action of e T p X on X p with 
an identification between & p and X p . First set X p := {dp > 0} C T p X, then 



ff p 



(i(X p xX p )/T P!P dA)\{0})/M 5 



Ms being a parabolic dilation in N+dA induced by the kernel of 7r^O — tt^Q and a choice of 
transversal, here tt^Tq — tt^Tq. If s, u, v — > sd p + uTq + v with Oq(v) = are coordinates on X p 
then the change of coordinates (s, u, v; s', v! , v ') — > (s,t = u — v! , z = v — v';s',u',v') gives an 
isomorphism of X p x X p and we have T P:P dA = {s = t = z = s' = 0} thus 



ff, 



: v ~ ({X p x [0,oo))\{0})/Mj, M' s (s,t,z;s') := (6s, 6% 6z; 6s') 

with {0} ={s = t = z = s' — 0}. Setting \z\ 2 := d®o(z, Jz), the identification of ff p with the 
quarter of sphere pg := ((s 2 + s' 2 + |z| 2 /2) 2 + £ 2 )3 = 1 gives the smooth structure of manifold 
with corners and the functions p\h :— s/pg, p r b '■— s'/Pfi are boundary defining functions for 
left and right faces. If we fix s' — 1, we have an identification between X p and the interior of 
ffp given by "stereographic projection" with pole p r b = 1 for the parabolic dilation, these are 
projective coordinates of ff p . We then have in this model of fi p 

( 4 - 4 ) = 777 : 77777 t-t, Prb 



((s 2 + l + i|z| 2 ) 2 +t 2 )3 ((s2 + l+l| z |2)2 + t a)i 

A vector in Vp € T p X, value at p of a vector field V G Ve, acts as a homogeneous (for Ms) left 
invariant vector field on X p , thus on ff p , by the dilated limit (|4.2|) . This left invariant field acting 
on X p is iVp(V) but this is also the restriction of (3*n* B V to the interior of ff p . It is proved in |7j 
that a vector field V £ Ve actually lifts smoothly to Xq under /3*7r|j, tangent to any boundary 
hypersurface. 
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4.3. Heisenberg pseudo-differential operators on Heisenberg manifolds. The space of 
Heisenberg pseudo-differential operators is denned in [H] (see also the monograph of Ponge |34j ) 
but the approach we will use is that of Epstein-Melrose-Mendoza [H] since it is more naturally 
adapted to our case. In [H] they define the class (dX) of classical Heisenberg pseudodiffer- 
ential operators of order m by the structure of their Schwartz kernel. 

Let M be a compact manifold of dimension n equipped with a one-dimensional subbundle 
L = K9o C T*M. one defines L T M to be the parabolic compactification of T*M with respect 
to L, this is a smooth manifold with boundary and let q be a boundary defining function. A 
Heisenberg classical symbol of order m is a function in q~ m C°°( L T M). If A is the diagonal 
of M x M, we denote by A A the normal bundle of A in M x M and there is a canonical 
Fourier transform of compactly supported distributions in each fiber and a neihgbouhood of the 
diagonal in M x M can be identified to a neighbourhood of the zero section of NA. Note also 
that / : V — > (hV, —\V) identifies T X M with a subspace of T X M ®T X M cannonicaly isomorphic 
with N X A. A choice of metric h yields the Riemann-Weyl fibration W : U C TM — > M x M 

W:(x,V)^(e*p h x (±V),e X p h x (-±V)) 

where U is a neighbourhood of the zero section, we define by (m, r) = W~ x and ip := W o I^ 1 
normal fibration I(U) C A A — > M x M. An operator A is in (M) if its Schwartz kernel k 
is smooth outside the diagonal and can be written near the diagonal under the form 

(4.5) k(x,y) = (2n)- n [ e lT{x ' y) ^a(m(x,y),C)d^ a G p~ m C°° ( Lr t* M) . 

The principal symbol is the class cr :=€ q" m C 00 ( i T*Af)/g- m+1 C 00 ( i T*A/) of cr. Epstein- 
Melrose-Mendoza proves that both definitions do not depend on the choice of h. 

We can now define S to be the span of tt^Go - ir* L ® in A* A. We let M| o := [M x M; A, 5] 
be the parabolic blow-up ofMxM around A in direction S, pg be a boundary defining function 
of the front face ff and f} the blow-down map. Let Y := [NA; A, S] and (3y the associated 
blow-down map, Y and Mg have same front face and (3 = (3y on this face. Moreover %j) = Id on 
A, V>* = Id on A A and ■0 lifts smoothly (by taking the identity on ff) as a local diffeomorphism 
ij) : Y — * M@ o near A by construction of the blow-up smooth structure. Moreover the way that 
ij) is constructed (by Riemmann-Weyl fibration) implies the important identity 

(4.6) dip = Id on ff. 

Let Ps(y)i Pfi De boundary defining function for respectively S C Y and ff C M@ , then for any 
s G C, functions in PqC°°(Mq q ) defined near ff lift under ip to functions in p^, Y \C°°(Y) and the 
spaces 

P s s{Y )C°°(Y)/P s s $)C°°(n PeC°°(Ml o )/p°+iC°°(Ml o ) 

do not depend on pgry) ; Pfi and are in one to one correspondance (these are conormal densities 
to ff) which does not depend on the choice of Riemann-Weyl fibration in view of (|4.6(l . Now if 
K € Pfj/ysC°°(y) for s E C\(— n— 1— N), then k := f3y* K has an expansion near in each fibre in 
k ~ ki with fej homogeneous of order s+i with respect to the parabolic dilation in the fiber and 
can thus be written like H4.5[) for a G q~ s ~ n ~ 1 C°° ( L f* M) the inverse Fourier transform of (3y*K 
in the fibres (Fourier transform keeps parabolic homogeneity). Choosing ps(Y) homogeneous of 
order 1 in the fibre, a term K £ Pff(y)C 00 (F)//9^"^C 00 (F) can be uniquely represented by a 
homogeneous distribution of order s with respect to the parabolic dilation in the fibre by taking 

(4-7) /V)(%(V)£)k: 

its Fourier transform thus defines an element ct E q -^-n-ic°°{ L f* ' M)/q- s - n C°°{ L f* M) in- 
dependent on the choice of homogeneous pg(y) and Riemann-Weyl fibration, i.e. the principal 
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symbol. But if if € p a C°°(Mg ) then gSJ insures that l|4.7|) is also equal to p^ Y ^{p s s ! K)\g 

(understood in normal coordinates ff x [0,00)^.^) if K :— ij)*K and ps ■= ^*Ps(Y), then the 
principal symbol of the operator is 

a (x,.) :=?N ll! ApY*( y PB ( y ) (Pg s K)\ gx ) = ?t*mI* Py*(p s S{y) (p s s K)\ s ^ 

where J means Fourier transform. 

Notice that the Fourier transform on tangent and cotangent bundle needs to be given a density 
to be well defined, this is for instance the case if one has a metric on M. Note also that the 
definitions of "Pq (M) being local, the metric h for the Riemann-Weyl fibration can be locally 
taken to be flat. Finally we remark that the contact form 0o and the almost-complex structure 
J on its kernel induce a metric on M by Q3.9I and a Reeb vector field To fixing a representative 
for the parabolic blow-ups. 

5. The Laplacian, its resolvent and the Poisson operator 

We use the form (|3 . T|> of the metric in the product decomposition [0, e) p x dX of dX and the 
dilated metric k(p) defined in H3.10JI . We first write the Laplacian near infinity using this model 
form of the metric 

(5.1) A, = -\{pd p ) 2 + l!i±Hp5 p + P 2 A, (p) + ~pd P 0og\k\)pd p 

where \k\ := | detfc(p)|, this gives 

(5-2) A g = -\(pd p ) 2 + ^±^pd p -p i T 2 + p 2 A b + pP, PeDiSl(X) 

where A& is the horizontal sub-laplacian on (dX, 0q, /lo)- 



Remark: If the metric is even at order 2k as defined in Subsection 13. 21 then V h ( p 'f is even in 
p at order 2k as well as the divergence &\Vh{ P )X = divk( p )X for any X £ TdX. Finally we have 
I det k(p)\ = p 2 \ dct h{p)\ which is then even in p at order 2k + 2, this clearly proves that (|5.1|l 
is (in local coordinates near dX) an operator of the form Q(p, y; pdp, d y ) where Q{x, y; D) is a 
family of polynomial in D with an even Taylor expansion at x — at order 2k. 

5.1. The Resolvent. The Laplacian A g has essential spectrum <r css (A g ) — [ ^ n+ ^ , 00) and 
possibly a finite set a pp (A g ) of eigenvalues in (0, ^ n+ P )■ Let us set for k £ No 

71+1/2 , 1 

y k := -k- -No, 

then Epstein, Melrose and Mendoza 7j proved the 

Theorem 5.1. On an asymptotically complex hyperbolic manifold whose metric is even at order 
2k, the modified resolvent of the Laplacian 

R(X) = (A g - \{n + 1 - X))- 1 

extends from {3?(A) > ^} to C \ (-N U ? fc ) as a finite-meromorphic family of operators in 
the 0- calculus: for X not a pole, we have 

R(X) £ <i> e 2 ' 2X - 2X (X), R(X) : C°°(X) -» p 2X C°°{X) 

The poles are called resonances and we denote by 31 the set of resonances. 

Remark: in [J], the property of metrics even at order 2k is only discussed for k — 00, but this 
can be checked in general from their construction (see also |15j for a similar analysis in the real 
asymptotically hyperbolic case). 
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(5.4) 



P(A) 



We define the multiplicity of a resonance Ao by 
(5.3) m(A ) := rank(Res A =x ((2A - n- 1)R{X))\ 

which in turn is equivalent to the rank of the polar part of R{X) at Ao- 

5.2. The Poisson Operator. Using the form l|5.1(l of the Laplacian and the structure of the 
resolvent, we are able to define the Poisson operator: 

Proposition 5.2. Suppose the metric is even at order 2k and let A satisfy 5ft(A) > ^-j^, A ^ 
( I ^ + k + |N) and X(n + 1 — A) ^ cr pp (A g ). Then for each fo G C°°(dX) there exists a unique 
function F(X,fo), linear in fo, solving the problem 

(A g -X(n + l-X))F(X,f o ) = 
F(X, f ) = p^+^F^X, f ) + P 2X F 2 (X, f Q ) 
Fi(XJ )eC°°(X) 
Fi(X, fo)\dx = fa 

with Fi(X, fo) having an even Taylor expansion at p — at order 2k in a product decomposition 
near dX. The Poisson operator defined by 

C°°(dX) -> C°°(X) 
fo -> F(X,f ) • 

extends finite-meromorphically to C \ (—No U 7k)- 

Proof: The proof is similar to the proof of Graham- Zworski 14 ; in the asymptotically hy- 
perbolic case. We first deduce from (|5.2[l the indicial equation for fo G C°°{M) and j G No 

(5.5) (A 9 - A(n + 1 - A)) gg^fiMg^ = fW-W f (y) + ^(n+i-^+i+i) 

j{2X - n - 1-3/2) 

Then we can construct a meromorphic function $(A) G p 2 ( n+1 ~ x ^ C°° (X) with at most first order 
poles at 2±± + \n such that 

(A s - A(n + 1 - A))$(A, f ) = 0(0, p-^+^^A, f )\ ax = f . 
We thus define 

(5.6) P(A)/ = *(A, f ) - R(X)(A g - A(n + 1 - A))$(A, fo) 

which satisfies the required conditions. However we have to prove uniqueness of an operator 
satisfying (|5.4|) . this is obtained easily using the indicial equation when 3?(A) > and using a 
Green formula at infinity if Si(A) = (see ^2 f° r details) : 

Lemma 5.3. Let 5ft(A) = ^ and u t = p 2 ( n + 1 -VF i + p 2X G z for some F l ,G l G C°°(X) and 
i = 1,2. IfUi satisfies n :— (A fl - X(n + 1 - X))Ui G C' 00 (X) for i = 1, 2, £/ien 



(uir-2 -u 2 ri)rfwoZ s = 2(2A- n- 1) / (Fi| a ^F 2 | a ^ - Gi\ gx G 2 \ dx )dvol ho . 

X JdX 

Proof: we write Green's formula in {p > e} 

/ (wifi - u 2 rr)dvol g e _2n+1 / - u^dpUx) dvol/^). 

Using dvol/j( p ) = p _1 dvol/ l0 + 0(1) and the asymptotics of u,i gives 

u^-^m = 2(2A - n- l)p 2n (^i|ax^bjf - Gilax^Ux) + <V" +1 ) 
which implies the Lemma by taking the limit as e — > 0. □ 



Then the first part of the proposition is deduced classically from this Lemma and formula 
(15.6|) extends clearly meromorphically to C \ (—No UTtU(n+l - T )) using Theorem l5.ll which 
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proves the meromorphic extension of P(A). The points (n + l/2)/2+j/2 are not singularities if 
j < 2k since by evenness of the metric at order 2k and the remark following (|5.2(l . the function 
p-2(n+i-A) ( j ) ^^ can ^ e cons tructed to have even Taylor expansion at order 2k at p = 0, see 
|16j where it is done in greater details for the real asymptotically hyperbolic case. 

iFrom the proof of proposition 3.5 in [H], we also deduce that P(A) : C°°(dX) -> C°°(X), is 
analytic at each 

n + 1 1 

(5.7) A fe := + -k, k G N 

if Afe(n + 1 — Afc) G' (jpp(Ag), and CP(Afc)/o can be defined as the unique solution of 
f (A g -A fc (n + l-A fc ))T(A fc )/ o = 

y(A fe )/o = P 2( " +1 - Afc) P fe (/o) + P 2Afe log(p)G fc (/ ) 
F fc (/o),G fc (/ )GC"»(X) 
. ■ffc(/o)lajE = /o 

and we are done. □ 



(5.8) 



Actually the Poisson operator was constructed in Section 15 of by its Schwartz kernel as 
a weighted restriction of the resolvent kernel at the boundary face ib(Ag,). The Schwartz kernel 
of P(A) is 

(5.9) P(A)-c(A)/3:(/3*(p'- 2A P(A))| rb ) 

for some smooth positive function c(A) G C°°(dX x X). Actually one can use Lemma [5.31 as 
in 14 Prop. 3.9] to check the same result, which gives the value c(A) = 2(2A — n — 1). Using 
Theorem 15. II we deduce that 

(5.10) (3*(p'~ 2X R(\))\ lh G ($Ps 2X C°°{X x e dX)+ /3*(p 2A C°°(A x dX)). 

A property that we will use later is the relation between spectral measure and Poisson oper- 
ator, the proof of which is an easy appalication of Green formula, and essentially similar to the 
real asymptotically hyperbolic case (see [331 1191 ITC] '): 

Lemma 5.4. If the metric is even at order 2k, we have for A, n — A ^ 31 U 

R(X; m, m!) - R(n + 1 - A; m, to') = (2(2A - n - 1)) _1 / P(A; to, y)P{n — A; to', y)dvo\ ho (y) 

J ax 

6. The Scattering operator 

^From the Poisson problem, we can define the scattering operator for 5R(A) > and A ^ 
(XU^ + JN) by 



(6.1) S{\) 



C°°(dX) -> C°°(<9A) 

/o — ► ^2(A,/o)|gJf 

where P2(A, /) is defined by l|5.4(l . Since P(A) extends finite meromorphically to C \ (—No U 3>fc) 
if the metric is even at order 2k by Proposition (|5.2|) . we deduce that S'(A) continues meromor- 
phically in C \ (-No U y k ) 

S(X)f = - (V 2A P(A)(A 9 - A(n + 1 - A))$(A, /)) | p=0 . 

The rank at a pole A = s is finite if s £ -N U 3> fe U (2±1 + |N) and in {*R(A) > 2±1}, the same 
arguments than |14l Prop. 3.6] show that S'(A) has at most first order poles with residue 

ResSfA)-/ Us ifsG^ + iN 

with Il s a finite rank operator with Schwartz kernel 

(6.2) tt s = 2(2s -n-1) ((pp' )- 2s Res s P(A)) \ p=p , =0 
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and pk is a differential operator on dX defined by 

(6.3) Pj = ResA fc ^(A), where <f(A, / ) ~ £ p 2 ^ 1 "*^ -(A)/, 



ti- 
lt is straightforward to see from the construction of <E"(A) and (|5.2|l that Pj(A) is a differential 
operator on dX, actually a Heisenberg differential operator, the Heisenberg principal symbol 
0pr(.P2/c(A)) of p 2k (X) can be obtained by the induction formula 

rw i rw a rw ~ A b p 2 fc(A) + T 2 p 2 fc-2(A) , T ,2fc-i/oi>\ 

Po(A ) = l, p 2 (A) = -A fel P2fc+2 (A) = (fc + 1)(2A _ n _ 1 _ fc _ 1} mod tt eo (OX). 

Since [Af,,To] € iPg (<9X) and we are interested only in the principal symbol, it suffices to deal 
as if Af,, T were complex numbers. Observing that p 2k (X) is holomorphic at (n + 2 + k + No)/2, 
one can consider 

r(2A-n-l)fe! 

g 2fc (A) := T( 2\-n-l-k) P2kW ' 90 ( ) '' = ' ^(A) := -A 6 
which then satisfies 

92fc+2(A) - -A b q 2k (X) + k(2X -n-1- k)T*q 2k _ 2 {\) 

and such that p 2k — ((k~iy.k\2)~ 1 q 2k (X 2k ). But this last term q 2k {X 2k ) is computed by Graham 
[TT1 Sec. 1] and is equal to 

k 

q2k(X 2k ) = ]J( &b + *( fc + 1 - 2l)T ). 
2=1 

We have thus proved 

Proposition 6.1. T/ie scattering operator 5(A) is a finite meromorphic family of operators on 
C°°(dX) inC\ (-N U 9 k U (n + 1 - 3> fc ) U (2±1 + ±N)) and meromorphic inC\ (-N U 3> fe ). 
In {3?(A) > 5(A) /ias at most first order poles with residue 

^ S 5(A) = {^ if'tf + l* 

[ U Xk - p k if s = X k 

with Il s is the finite rank operator defined in and p k is the Heisenberg differential operator 
on dX defined in \6.cA) and such that 

1 k 

(6-4) P2k = 2((fc _ 1)!fc!) Il(- Ab + l ( k + 1 - 2l ™ mod *eo _1 (^)- 

Note that 5(A) depends on the boundary defining function p and a different choice p = e u ' p 
(i.e. a different conformal representative contact form e 2 "0o with o>o = w|ax) gives a scattering 
operator 5(A) and residues p k (when X(n + 1 — A) ^ cr pp (A s )) conformally related to 5(A), p k 

5(A) = e -2Awo5( A ) e 2(n+l-A)u, 0) ^ = e -(n+l+k/2)u 0pkf ,(n+l-k/2)u _ 

The definition of 5(A) and Lemma f5. 31 directly imply (see |141 Sec. 3]) that 

n 4- 1 

(6.5) 5(A)- 1 = 5(n-A) = 5*(A), R(A) = 

where the adjoint is taken with respect to measure dvolh on dX and the left identity extends 
meromorphically in C \ (±Z U 7> k U (n + 1 - ? fc )). 

We have a direct relation between resolvent and scattering operator: 
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Proposition 6.2. For A such that 5(A) exists, its Schwartz kernel is 

5(A) = 2(2A - n- l)/? 8 , (/T ((pp')~ 2A -R(A))|ibnrb) . 

T7ie right-hand side is a meromorphic family of distributions on dX in C \ —No U CPfe wzi/i /irsf 
order poles at (n + 1 + N)/2 U (n + 1 — Tfc) i/ f/ie metric is even at order 2k. 

Proof: For 5R(A) < 0, we clearly have that 

5(A)/ = lim [p- 2A (F(A)/ - $(A,/)] hm[p- 2A P(A)/]. 

p— >0 p^O 

Using ^ and EHU|l for SR(A) < gives 

P~ 2A P(A) e /3*(pi 4A C°°(X x SX)) c C°°(X x \ 0A) n C (X x SX) 
thus by taking the limit 

5(A)/(6) = f lim (p(m)- 2A T(A; m, b'))f(b') dvo\ h(l (b') 
Jdx m ^ b 

we deduce that the kernel of 5(A) is /3a»(/3'*(/5 _2A P(A))|i b ) for 3?(A) < 0, this gives the result 
in a half plane by using again l|5.9[) . To extend it in the complex plane, we need to check that 
a distribution of the form p^ 4X F\ with Fx € C°°(dX Xq dX) meromorphic extends meromor- 
phically to C. But this is a classical fact which can be proved as in the normal blow-up case 
(classical pseudo-differential operators) by Taylor expansion at the front face of the parabolic 
blow-up, we lead the reader to the Appendix where we describe it. This leads to first order poles 
at + whose residue are differential operators. □ 

For 9o fixed, we have an induced metric ho on dX (see (13.911 s ). thus orthogonal decomposition 
TdX = RT © ker6 and T*dX = K6 © (MOo)- 1 . We define the Heisenberg norm on TdX 

lieilHo := (e (£) 2 + ^e (£,jo 2 )"- 

The Fourier transform of ||£|| s is s G C is a meromorphic family, with poles at N, of homogeneous 
distributions of order — s— 2n— 2 on T*dX — EOo©(IROo) ± with respect to the parabolic dilation 
M s (tQ + u) := S 2 tQ + Su, with u ± 6 . 

Theorem 6.3. The scattering operator 5(A) is, for A g" H U jZ, a pseudo-differential operator 
in the Heisenberg class 

S(\)e^- 2{n+1) (dX). 

and the principal symbol of 5(A) is 

a pl (S(X))(0 = c„ r(2A - ^> 1} Jv^(||V-|| Hc 4A ) 

Proof: we use [S] definition of (dX) (that we recalled in Subsection 14.311 and the first 
property is a consequence of Proposition 16 . 21 and discussions in Subsection l4.3l 

To compute the principal symbol, we work locally near a point (p, p) of the diagonal dA 
in the boundary and follow Subsection 14.31 we set M = dX and define the bundle Y := 
[NdA(M 2 );dA,Sd] where Sg := 7r|j0o — ttl®o, and suppose psry) is a boundary defining 
function of the front face S(Y) of Y which is homogeneous with respect to the parabolic dilation 
induced by Sg and the Reeb field T . We also use Mq q := [M x M; <9A, Sa], denote by dS its 
front face (remark that <9ff = ff(V)) and denote by (3g the blow-down map. Consider also a 
Riemann-Weyl fibration tjj : NA — > M 2 , near A which lifts to ip : Y — > Mq q , Finally we set 
Pdfi '■= 4 ! *Ps(Y)- The main singularity So(A) of 5(A) is given by the homogeneous distribution 

(6.6) fl0 (A) = p ff( 4 y A ) (mPmS(X))\ dS ) = 2(2A -n- l) Ps ^ (^ A /3*((pp')" 2A J R(A))| 1 bnrb]|a ff ) 

and the symbol is the Fourier transform of Pa*(so(\)) in the fibers of NdA ~ TdX. Recall that 
the manifold Mj, is canonically identified with (X Xe X) n rb n lb. Now suppose that there 
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exists a boundary denning function pg of the front face ff of X x@ X such that Pfr|ibnrb = Pdfi- 
Define pib := p/ps and Prh — p/ Ps, they are defining functions of lb and rb, we thus get 

[p^p*({pp')- 2X R(X))\ lhnih }\ a g = ((PrbPibr 2A /3*i?(A))| ffn ibnrb = ((p dl bPaib)- 2X N(R(X)^\ dl . hndlh 

where drb :— rb n ff, 91b := lb n ff, pdih = Prb|ff, Paib = Pu>\e an d N(R(X)) is the normal 
operator of R(X). Near a point p E M, we take Darboux coordinates (u, lu) E R x R 2rl , that 
is d u — T and 9 = du — (x.dy — y.dx) if lu = (x,y) E R n x R™, they induce coordinates 
(p, u, lu; p', vf, lu') near (p,p) in X x X. If T + X = {dp > 0} C TX, we have the normal fibration 
(t):T+X\ M ®Rd pl -» X x X 

: s9 p + s'd p + tT + z.dS^j -* (s,u+ ~i, lu + ^z;s',u- - ^z) 

which restricts to TM — > M x M as a (local near p) Riemann-Weyl fibration associated to a 
flat metric, and it induces the fibration i/j since T + X\m © R<9 P ' is canonically isomorphic to the 
normal bundle NdA(X x X). The fibration <j> lifts to the parabolic blow-ups around <9A to give 
the smooth stucture of Xq. Following Section ^21 the choice of homogeneous boundary defining 
function pg of the front face ff of the blow-up [NdA(X x X); dA, S] can be taken to be 

pg:= (( S 2 + ,s' 2 + i|z| 2 ) 2 + i 2 )\ with \z\ 2 = de (z',Jz'), z' = z - Q (z)T . 
Now we observe that 

N p (A g - A(n + 1 - X))N P (R(X)) = S Cp , 
and the normal operator of A g is A 9p on (X p ,g p ), we deduce from H2.6|) . l|2.7[) an d the group 
isomorphism A p , that the convolution kernel is 

iV p (i?(A)) (s9 p + tT + "i X 'i + «W/J = c» r(2 ^^ r(g, i, a;) Vi(A, A, 2A - n; r(«, t, w)), 

/ . x 4s 2 / f d g (s,t,Lu;e p ) 

r[s, t, lu) = = cosh — - 

V ' ' ' i 2 + (l + s 2 + ±M 2 ) 2 V V 2 

with Xf, Y( an orthonormal basis of eigenvectors of J for ho in kerOo- Thus we conclude from 

(|B~B|) . Kty and p s(Y ) = (t 2 + |^| 4 /4)3 that 

(6.7) s {X;p,t,Lu) = 2c n (2X-n- 1) 1 ; i 2 + -|w| 4 



T(2A-n) V 4 

The principal symbol is its Fourier transfom in the fibre T p dXwp Fourier transform of these 
parabolically homogeneous distributions is studied in great details by Geller UJ, we refer the 
reader to his work. 

^From Proposition ^. 21 Lcmma l5~4l and (|5.1()|l we deduce (see ^JEj for the proof in the real 

case) 

Lemma 6.4. For X such that P(n — A), -P(A), S(X) exist, we have the identity 

P(X) = P(n + 1- X)S{X). 
Following Ponge |341 Sec. 5.5], one can construct a ( "coefficiented" ) complex power 

L(X) :=c(A)(l + L) A 

where 

L-f^ZfZi, span(Z 1 ,...,Z 2 „)=kcre , c(A) := ^ 2A ~"~^ 
f— i 1 (n + 1 — 2A) 



then if the metric is even at order 2k, the operator 



5(A) := L{ - A + H±!} S(A)l( - A + H±l 
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is a finite-meromorphic (thus Fredholm) family in C \ (7k U (n + 1 — U (n + 1 — N)/2) in 
^0 (dX) thus of bounded operators on L 2 (dX) by [12] Prop. 3.1.8]. It is actually holomorphic 
at (n+ 1 + N)/2 because of the multiplication by Gamma factors in 5(A) that kill the first order 
poles of 5(A) there. The Heisenberg principal symbol of pik = (A — A 2 fc)5(A 2/ t) — II A2fc is given 
in (|6.4J) and is shown by Ponge O Sec. 3.5] to be invertible if \ 2 k £ n + 1 + N, thus p2k is 
Fredholm if A 2 fc ^ n + 1 + N. This implies that 5(A 2 fc) is Fredholm on L 2 (dX) for these A 2 fc since 
(L + 1) A are invertible. Then using Gohberg-Sigal theory JHj and the fact that 5(A) is invertible 
in a small pointed disc centered at A 2 fc, one obtains directly from 5(A) -1 = S(n + 1 — A) that 
5(A) is finite meromorphic in a small disc containing n + 1 — A 2 fc if n + 1 — A 2/ t ^ —No and we 
can define (as in ^||22] for the real case) the multiplicity of a pole of finite multiplicity of 5(A) 
to be 

(6.8) i/(Ao) := -Tr Res x=Xo (d x S(X)S- 1 (X)) = -Tr Rcs A=Ao (a A (c(A)5(A))(c(A)5(A))- 1 ), 

the second identity being easily checked by cyclicity of the trace (see [22 Lem. 5.1]). Note that 
z/(Ao) is not necessarily finite at lag € —No since 5(A) is not a priori Fredholm at n + 1 — Ao 
then, and 5(A) is not a priori finite meromorphic at —No- Actually it can be proved that it can 
not be finite meromorphic and that the p2k for A 2/ t G n + 1 + No have infinite dimensional kernel, 
this is easy to check for the model BTJi . This issue and relation with resonances multiplicity at 
these points will probably be carried out elsewhere. 

Then the method of ^7] based on Gohberg-Sigal theory Lemma fo. 41 Lemma 15.41 and Propo- 
sition [f^] can be applied verbatim to obtain 

Proposition 6.5. If g is even at order 2k, if Xq € {9?(A) < (n + l)/2} \ (IP* U —No) then we 
have 

f (Ao) = m(Ao) + U(„+i_n)/2(Ao) dimkerp 2(n+1 _ Ao) for X (n + 1 - A ) $ o- pP (A g ) 

^(A ) = m(A ) - m(n + 1 - A ) for A i -(n + 1 - N). 

The only non- apparent result we need to apply the proof of |17l Th. 1.1] is the following 
unique continuation result dues to Vasy and Wunsch : 

Lemma 6.6. Let(X,g) be an ACH manifold, and let uG C°°(X) satisfy (A s — A(n+1— X))u = 0, 
A G M in a neighborhood Q of OX, then u = in O. In particular, if Q — X, u = 0. 

This is a consequence of Lemma 2.3 of jHH]) after observing that our manifold has bounded 
geometry and a product decomposition [0, oo) x dX outside some compact set with metric 
g = dr 2 + ot[r) for some 1-parameter of metrics a(r) on dX, sastisfying uniform positivity of 
second fundamental form 

— 9 r Q _1 (r) > a _1 (r), 

here a _1 (r) is the dual metric to a(r) on T*dX. We should point out that the analogue result 
for conformally compact manifolds was proved by Mazzeo |26j . 

We also remark that the method of JS] can be used to prove possible essential singularity for 
the scattering operator (thus for the resolvent) at - 1 ^ N ° : 

Proposition 6.7. For each k € No, there are examples of ACH manifolds for which n + 1 — 
Ai+ 2 fe = - — 1 ! 2 2 k is an essential singularity of 5(A). 

Proof: Let us consider for simplicity k — and Ai(n+ 1 — Ai) ^ cr pp (A 9 ), the other cases are 
not more complicated (see QB]), note also that it suffices to consider 5(A) instead of 5(A). A 
quick analysis using (|6.2(l . Subsection 15 . 21 and l|5.1|l shows that the residue of 5(A) at n+ 1 — Ai 
is (modulo finite rank smoothing operator) 

Pi :=Res A= „ +1 _ Al 5(A) = - - + ±f Al (d p log |fc(p)l)U=o- 
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Then this operator can be injective on L 2 (dX) and any Sobolev space, it suffices actually to 
choose the metric so that this is the Identity (which is easy to do). Then S(X) would have a 
pole of order 1 whose residue P\ is injective on L 2 (dX). Suppose that 5(A) is mcromorphic at 
ra + 1 — Ai, i.e. has a Laurent expansion at A = n + 1 — Ai 

o 

5(A) = 5 *( A ~n-l + + 0(X - n - 1 - Ai), p e N 

i=—p 

for some S l . Then since 5(n + 1 - A)5(A) = 5(n + 1 - A)5(A) = Id and 

S ; (A) = (A-Ai)- 1 Pi+0(A-Ai) nearAi, 

we deduce by injectivity of Pi that Si = for i = —p, . . . , 0. But the term 5o can also be 
obtained by a contour integral (C is a circle around n + X — X% of radius e) 



So = (2m)- 1 / - 5(A) - d\ = 
J c A - n- 1 - Ai 



thus this is an operator in ^Q g (dX) with principal symbol given by 

o-pr(S'o) = (Tp, .^L^Ai - —4—)) ° c r pi (S , (A))| A =„+i-A 1 o cr pr (£(Ai - ~ y~) ) 

where o denotes the composition for Heisenberg principal symbols (see jSJ IS]). But using 
Theorem 16.31 

a pr (So) =a pr (L(-A 1 + ^))o( c „^^^ 

which is not since the middle one is not 0, thus a contradiction. □ 



7. The Radiation Fields 

In this section we study the scattering theory developed in the previous sections from a dy- 
namical view point as in the Lax-Phillips theory. We define the forward and backward radiation 
fields, show that they give unitary translation representations of the wave group which can be 
used to define the scattering matrix l|6.1|l in terms of the wave equation. The analogue study of 
the radiation fields for asymptotically hyperbolic manifolds was carried out in . 

We start by considering the Cauchy problem for the wave equation 

/ (n + l) 2 \ 

[D 2 t -A g - ^—^j u(t, z) = in R + x X 

u(0, z) - .A(z), D t u(0, z) = f 2 (z), A, h e C™{X). 

It is well known that u € C°°(K+ x X). We are interested in understanding the behavior of u 
at infinity along some bicharacteristics. 

Theorem 7.1. Let p be a boundary defining junction which gives a product decomposition X = 
[0, e) x dX for which (15.2(1 holds in a collar neighborhood of dX, and denote X 9 z = (p, z') E 
[0,e) x dX. Let u(t,z) satisfy l|7TT]l. Then 

v{p, s, z') := p-^uis - 2 logp, p, z) e C*°°([0, e) x R x dX). 

Proof. This is very similar to the proof of Theorem 2.1 of (HHI- Without loss of generality, we 
will assume that f\ = 0. Let 

(7.2) Q = p— 2 [dI -A g + ^±11!) P-+ 1 . 
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Using H5.1|) and setting s = t + 2 logp, we have 

1 77 —I— 1 I 

(7.3) Q = 8 p (d s + -pd p ) - P A h[p) + —^—A + -A{2d s + pd p 

with A := d p (log \k\). Setting v(p, s, z') :— p~ n ~ 1 u(s — 2 logp, p, z), (|7.1|l becomes 



Qv = 0. 

(7.4) 

v(p,2logp,z) = 0, d s v(p,2\ogp, z) = p " 1 f 2 {p,z). 



^From the standard regularity theory for the wave equation, we know that v is smooth for p > 0. 
The main point of the theorem is to show that v is C°° up to p = 0. There are several ways 
of proving this, and we will choose a method that will establish energy estimates which will be 
needed in section l9~Tl For that purpose we make the following change of variables 

(7.5) s = 41ogiA p = pv. 

Let 

V(jt,v,z) = «(/«/, 4 log 3). 

In coordinates l|7.5[) equation (|7.4() is given by 

( \ n + 1 1 \ 

(? g v [l^9y - (ivA h{fiu) + — - — A + —A{pd p + ud v )j V = 0, 

V(p, n, z) = 0, {d p Y){p, p, z) = (p)- 2n - 3 f 2 (p 2 , z), 

^From Darboux's theorem for contact forms, see for example Theorem 5.5 of [201 ^ we know that 
for small enough U there exists local coordinates z — (u,x,y), x — [x%, ...,x n ), y — (y%, ...,y n ), 
u £ K, near any point zq G dX such that 

n 

Go = du + (yjdxj — Xjdyj) . 
3=1 

Let Xj and be the vector fields defined by 

(7.7) Xj = -^{d X] - yjd u ), Yj = -^(d V] + Xjd u ), 

and Zj = Xj (resp. Zj = Yj— n ) for j < n (resp. j > n) which forms a basis of ker @q. We denote 
by T = Tq(p) the Reeb vector field of (60, k(p)). Note that A h ^ u ) is a differential operator on 
dX with derivatives in Zj, (pv) 2 d u , since p 2 Af 1 ^ p - ) is in Diffe (^). 

We want to differentiate equation (|7.6|l with respect to the vector fields Xj and Yj and d u . 
We first recall that 

(7.8) [Xj,X k ] = [Yj,Y k }=0, [Zj,d u }=0, [Xj,Y k ]=5 jk d u . 
Therefore we find that 

[X 2 ,Y 3 ] = 2Xjd u , [Y 2 , Xj] = -2Yjd u , [d u , Z 2 ] = [fig, Z,-] = 0. 

Differentiating (|7.6(l and letting U\ be the vector whose transpose is 

U[ = (V, X X V, X n V, Y 1 V, ...,Y n V, 8 U V), 

we deduce that there exists a (2n + 2) x (2n + 2) matrix of first order differential operator B 
and functions C, D, E of (p, u, z) with smooth coefficients such that 

( 7 - 9 ) ((4^ + ^A h )U + fivB(Z x , . . . , Z 2n , pvd u ) + Cvd v + Dpdfj, + e}u p = 0, 

and p = 1. In general we find that if U p are the vectors (with size N = N(p)) consisting of all 
derivatives of V of order p > 1 with respect to the vector fields Xj , Yj and -J^ , then we get (17.911 
with B, C, D, E some N x N matrices with smooth coefficients. 

Notice that the operators in (|7.9|) are smooth up to {p = 0} U {v — 0} and therefore can be 
extended smoothly to the neighborhood {\p\ < y/po} U {\u\ < y^o}- We then prove 
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(7.10) 



Lemma 7.2. For T > 0, let fi = [0, T] x [0,T] x dX. Let V{p,v,y) be a N x 1 vector, smooth 
in p > 0, f > 0, satisfying the system \7.9\) with 

((t^A + liv&h)Id+ p,vB{Z x , Z 2n ,p.vd u ) + Cvd v + Dpd M + t) V = 0, and 
V(ji,n,y) = fi(n,y), (d M V)(p,n,y) = h(v,y), M > 0, 

where TJ, C, D, E are N x N matrices with smooth coefficients in {\p\ < T,\v\ < T, z G <TJT} twi/i 
-B having for coefficients some first order differential operators in (Zj)j, pvd u . If the data f\ 
and fi are such that 

(7-11) / / (M|/i| 2 +M 3 |VVl||) dvol k (z)dp < oo : ( ( p\f 2 \ 2 dvol k (z)dp 

JO JdX JO JdX 

then for small T, 

[\V\ 2 + pv(p + v)\V h V\l + p\d„V\ 2 + v\d v V\ 2 ] dvol k (z)d(idv 

rT 



< 00, 



(7.12) 



< 



C 



>i/ir+^i/ 2 r+/i 3 ivViih) in,z) dvoi k {z)dn. 

la Jdx 

Proof. The proof is essentially the same as Lemma 4.1 of we just emphasize the differences 
and we refer the reader to that paper for details. We denote Z — (Z\, . . . , Z 2n ) the set of vector 
fields and we begin by multiplying the system (|7.1()(1 by p^X- — v^-, this gives 

(7.13) 



1 



\k\—*d v 



p\d^+v 2 p\V h V\i |*|* 



1 



v\d v V\ 2 + vp 2 \V h V\ 2 h )\k\ 



divfc {fivfjiBuY - vd v V)V h V k ) + Q (V, pd„V, vd v V, pvZV, v 2 p 2 d u V) = 0, 

fc 

where Q is a quadratic form with smooth coefficients and div^ is the divergence with respect to 
metric k(p) on dX, which is easily seen to be also the divergence for h(p). 

If (Zi)i is a local orthonormal basis of kerGo for h(p) (thus for k(p)) and if To = To(p) is 
again the Reeb field of (Go, k(p)), then 



(7.14) 



\V h V\ 2 h = ]T \Z>V\ 2 + P 2 a 2 (p)\T V\ 2 , a(p) = 1 + O(p) 



is a smooth function up to p = 0. Let £ls, and £l a ,b, be the domains defined by 

Q s = [S, T] x [S, T] x 8X, Clj = {(p, v, z) efl s ; v> p}, and 

^a,h = {(Mj ^, z) € fi, a < M < ^ < 

Integrating in f2 Q ,T, using the compactness of dX, the divergence theorem, and that the first 
term in brackets in (|7.13|1 is positive, we find that for T small, there is a constant C such that 

(v\d v V\ 2 +vfi?\V h V\ty {a,v,z) dvol k (z)dv + j \Q\ dvo\ k {z)dvdp 



(7.15) 



a JdX 



< C 



'a JdX 

Doing the same in the region Qg,p gives 



(p\d^V\ 2 + p\d v V\ 2 + p 3 \V h V\ 2 ) (p,p,y) dvol k (z)dp 



(7.16) 





s JdX 



L\d^V\ 2 + pv 2 \V h V\l)] (p,[3,z)dvol k (z)dp + [ \Q\ dvol k (z)dvdp 



< C 



S JdX 



(p\0^V\ 2 + p\d v V\ 2 + p?\ V h V\l) (p, p, y) dvo\ k {z)dp. 
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Next we integrate l|7.15|l in a £ [5, T] and (|7.16|) in /? £ [5, T] and add the results to get 
(liv{p + v)\ V h V\l + p \d^V\ 2 + v \d v vf) dvol k (z)dndu+ 

(7.17) / / \Q\dvol k (z)dfiduda+ [ [ \Q\ dvol k (z)dfidud/3 < 



^6,13 



C{T-8) (m|^| 2 +M 3 |VH^) (ji,p,z) dvol fe (z)d/x. 

J 6 J dX 

All terms of Q, except for those in \V\ 2 , are trivially bounded by the terms in the first integral, 
and thus they can be absorbed in first integral by choosing T small enough. To bound the 
integral of \V\ 2 in £lg it suffices to copy word by word the method in Lemma 4.1 of |H5| and 
choose T small. This gives 

(7.18) 

\V\ 2 d\o\ k (z)dpdv + j j \V\ 2 dvol k (z)dndvda + / / \V\ dvol k (z)dndud/3 < 
Js Jn a , T Js Jns,p 

CT I [i | c? M | 2 (n, v, z) dvol k (z)d/j,di/ + C / / ji\V | 2 (/i, fi, z) dvolk(z)dp 
JQ+ Js JdX 

Now taking T small and S — > in Ij7.17|l , (|7.18|l , this gives Ij7.12|l in the region above the diagonal 
after using the initial condition. Observing that the operator in H7.10|) and the estimate Ij7.12|l 
remain the same after switching /i and v, this estimate also holds in the region below the diagonal. 
This ends the proof of the Lemma. □ 

Now we apply the Lemma l7.2l to prove Theorem l7.ll The goal is to prove that for f2 smooth 
and compactly supported, the solution to l|7.1|l is smooth up to {p = 0}. We know by the finite 
speed of propagation that v is supported in s > C for some Cel. The change of variables 
(17.5(1 is smooth in this region and we work in coordinates (/it, v). We will show that V(p,, v, z) is 
smooth up to {p, = 0} U {v = 0}. 

We first apply Lemma f7. 21 to the special case of equation (|7.(i|l . noticing that in this case V 
is a function instead of a vector. The data on {/i = v\ is given by l|7.6(l . so the last integral on 
the right hand side of l(7.12|l is equal to 

' ' f /i|/i- 2 "- 3 /2(/i 2 ,y)| 2 dvahizW < f |/ 2 | 2 dvol 9 < ||/ 2 ||W 

'0 JdX J p<T 

Thus the last integral on the right hand side of l|7.12() is bounded by the square of the norm of 
fa in L 2 (X, dvolg) and 

(7.19) f [\V\ 2 + nv(n + v)\V h V\ 2 h + n\d„V\ 2 + is\d„V\ 2 ] dvol fc (z)d/i^<C7||/ 2 || 2 2(x) . 
Jn 

Now we want to obtain such energy estimates for the derivatives of V. We begin by analyzing 
the derivatives of V with respect to the vector fields Xj , Yj and and we differentiate equation 
(I7.6|l with respect to them. We get a system of equations given by 1(7. 9J) . So we conclude in 
particular that 



(7.20) 



|£/i| 2 +p\d ll U l \ 2 + v\d v U l \ 2 + fiiyifi + iy)\\7 h U!\l dvo\ k (z)dfidv < 
c(\\f2\\h {x) + \\\V h f2\ h \\h (x) ). 



Using the commutators (|7.8|) . the fact that (Zj)j, d u form a local basis oiTdX near zq, and that 
the initial data is smooth with compact support, (|7.19|) and (|7.20|l guarantee that 

V undd^V £ L 2 (n), \a\ = 1. 
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Using this argument repeatedly, we conclude that V is smooth in the variables z £ dX with 
values in L 2 {Q) with respect to (p., v), that is 

(7.21) d a z V £ L 2 (n), V a £ N n , 
and wealso have 

(7.22) I [\d^V\ 2 + p\d^V\ 2 + v\d v d^V\ 2 ]dvo\ k {z)dpdu <oo, V k £ N". 

As in |35l Th. 2.1], we can use the equation that W :— \k\^V satisfies to obtain information 
about the derivatives of V with respect to p and v. The proof is not different of that of Theorem 
2.1 in |35|. we let the reader refer to it after noticing that Eq. (4.23) there becomes in our case 



(7.23) 



f + ^^h( M u) + pvF{pv)\ W = 0, 



where W := and F — [A^,,), |fc|i] is a smooth differential operator of first order which, 

in local coordinates, has only derivatives on the vector fields Zj,d u as above. This concludes the 
proof of Theorem 17. II □ 

With v defined in Theorem 17. II the map 

01+ : Cg°(X) x Cg°(X) — > C°°(R x dX) 

(7-24) d 

(A,/ 2 )^^(0, S ,z') 

will be called the forward radiation field. We remark that this definition depends on the choice 
of p, which in turn depends on the choice of the conformal representative in [Go]. The backward 
radiation field can be defined in a similar fashion by considering the behavior of the solutions to 
(17. 1|) as t — > — oo. Let u be the solution to l|7.1|l . one can show that 

v-(p,s,z') = p- n - 1 u(s + 2logp,p,z) £ C°°([0,e) x K x dX), 

and define 

01- : C$°(X) x C °°(X) — > C°°(R x dX) 
(7.25) d 

(fl,f2)^g- s V-(Q,S,z') 

8. The Radiation Fields And The Scattering Matrix 

This section can be compared to section 5 of |351 : we describe relation between the radiation 
fields, the Poisson operator and the scattering operator. As mentioned in subsection 15.11 the 
spectrum of the Laplacian <r(A) was studied by Epstein and Melrose and Mendoza 0, and 
consists of a finite pure point spectrum tr pp (A 9 ), which is the set of L 2 (X) eigenvalues, and an 
absolutely continuous spectrum cr ac (A g ) satisfying 



•1) CTac(Ag) 

This gives a decomposition 



9 

, ,oo and a pp (A g ) C 0, ' 



L 2 (X)=L 2 pp (X)(BLi c (X), 

where L 2 p (X) is the finite dimensional space spanned by the eigenfunctions and L 2 C (X) is the 
space of absolute continuity, which is the orthogonal complement of L 2 p (X). 

The choice of the spectral parameter which adapts well to the wave equation is ( n+ ^ — |- a 2 , 

which corresponds to A = 2±I+ia. If 3ct ^ 0, then { -^^+a 2 & oo), while if 3ct < -2±1 
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then ^ n+ ^ — h u 2 $l [0,oo). The eigenvalues of A g are of finite multiplicity and are described by 
points on the line 3?cr = and — 2tA < 3er < 0. The spectral theorem gives that the resolvent 

(8.2) 

R(P±± + ia) = (a b - (n + 1)2 - a 2 ) : L 2 (X) — » L 2 (X), provided 3a < 

and it was shown in [7j that it can be meromorphically continued to C\ +No) as an operator 
acting on appropriate spaces. 
Let 

H E (X) = {(fi, f a ) : f u f 2 e £ 2 (X), and dfx e L 2 (X)}, 
and for u>o,wi € Cq°(X), we define the energy of w = (wq,Wx) by 

(8.3) IHII = 5^(l^o|^-^^KI 2 + KI 2 ) rfvoi 9I 

where |<iu>o|g denotes the length of the co- vector with respect to the metric induced by g on 
T*X. Note that is only positive when wo & L 2 C (X), and only then it defines a norm. Let 

n ac :L 2 (X)~^L 2 ac (X) 

be the corresponding projector and 

E ac (X) = LI ac (He(X)) = The range of the projector II ac acting on He(X), 

E ac (X) is a Hilbert space equipped with the norm (|8.3ll . 

Integration by parts shows that if u(t, z) satisfies (I7.4|) . then 

\\(u(t,*),D t u(t,*))\\ E = ||(«(0,.),A«(0,»))|k 
The map W(t) defined by 

W(t) : C^{X) x C °°(X) — > CtT(X) x C7 °°(X) 

( ' j ^(t)(/i J /2) = (u(t,«),A«(t J «)), teR 

induces a strongly continuous group of unitary operators that commutes with n ac 

W(t) : £ ac (X) — » £ ac (X), teR. 
By changing t «-> t — r, one has that 3?± satisfy 

(8.5) D^o(W(r)/)(s,y)=3l ± /( S + r,t/), rel. 

So Theorem 17.11 shows that IR± are "twisted" translation representations of the group Wit) 
in the sense of Lax and Phillips. That is, if one sets 3l±(f)(s,y) — 3t±/(— s,y), then 

(8.6) £±(^(t)) = T t £1, 

where T T denotes right translation by r in the s variable. Moreover we will prove 

Theorem 8.1. The maps 5l± induce isometric isomorphisms 

ft± : E ac (X) — -> L 2 (R x 

where L 2 (R x <9X) is defined with respect to ho fixed in (|3.9() by the choice of boundary defining 
function p. 

The proof of Theorem 18 . II will be divided into two lemmas. The first one is 
Lemma 8.2. Let f = (fx, f 2 ) & C§°(X) n E ac (X). Then ft+/(s, y) € L 2 (R x dX) and 

II*+/IU=(RX9X) <2||/|| £ . 
Moreover, the maps H± extend from (C^iX) x Cq°(X)) n E ac (X) by continuity to maps 

%± : E ac (X) — >L 2 (lx dX). 
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The proof of this is a straightforward modification of the proof of Proposition 6.4 of [55] 
together with an application of Corollary 6.3 of |H5| . 

Next we have to show that operators Ji± are unitary and onto. To do that we work on the 
Fourier transform side and we resort to two observations. The first just follows from taking the 
partial Fourier transform in the variable s. 

Lemma 8.3. Let Jl± be the radiation fields defined in Ij7.24|l and Ij7.25|l . Then 
m+(fuh))((r, z) = -Wf^ + i<r) (vfi - h) 

^ i A+i N 

where J denotes the partial Fourier transform in the variable s, and P is the transpose of the 
Poisson operator defined in Provosition \5.^\ 



Proof. To see that one needs to observe that 



5F(:R + (/i, /a))fa z) = - U—^iaRi 7 ^ + ™){°h - h) 
n*-(h>h))M = (p- n - 1+2ia io-R(^-io-)(*h-h) 



and 

p=0 



This proof follows that of equation (6.4) of [jSj- But these operators are the transpose of the 
forward and backward Poisson operators defined in Proposition [^31 This proves the lemma. □ 



Finally we recall Lemma 15 .41 with this spectral parameter 

'n+1 . A _/n+l 

— \-io-;m,m j - Ry— 

+ 1 . \„/n+l 



— ia; m, m! 



-4ia / P 
lax 



fn + 1 \ /nil , \ 

[— ^ \-io-;m, z ) p y— zcr ; m > Z J dvol ho {z) 



This and Stone's theorem show that the transpose of Poisson operator 



^ — i — ± icr^ 0(cr, z) := c / — ^- — ± ier; m, z^cf>(m) dvol g (m), er > 



extends by continuity to 

H 7 ^ 1 ■ Ll(X) — L 2 (R ± ; L 2 (9X), cr 2 dcr) 

(8 9) 

t + 1 \„ /(n + 1) 2 9 \, /n + 1 
satisfying t P(—^- ± *aj A 3 = ( V 4 j + a 2 J ^(-g- ± ia 

and there is c € R such that c*P gives a surjective isometry between these spaces. Lemma 18. 21 is 
then a straightforward application of these results. See the proof Theorem 5.1 in . 
We deduce from Theorem 18. II that the dynamical scattering operator 

§ : L 2 (R x dX) — ► L 2 (R x dX) 
(8.10) i 

is unitary in L 2 (dX x R), and in view of Ij8.6|) . it commutes with translations. This implies that 
the Schwartz kernel §(s, y, s', y') of S satisfies 

S(s,y,s',y') =§(s - s',y,y') , 

and thus is a convolution operator. The scattering matrix is defined by conjugating S with the 
partial Fourier transform in the s variable 
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A is a unitary operator in L 2 (M x dX) and, since § acts as a convolution in the variable s, A is 
a multiplication in the variable A, i.e. it satisfies 

(8.11) AF{a,y) = f A(a; z, z')F{a, z') dvo\ hg (z'). 

JdX 

We also have 

Theorem 8.4. With p given by Ij3.8|l and a ^ 0, the Schwartz kernel of the map S( IL ^- + ia) 
defined by Ijti.ll) . is equal to —A(o~;z,z'), defined in (|8.11l) . 

Proof. This follows from (|8.7jl and (|8.9jl and the fact that 

+ ia ) ■ l^qx) _> L 2 (dX) 

is the unitary operator that intertwines P {^p- + io) and P — ic) , in the sense that 

/n + 1 \ /n + 1 \ /n + 1 \ 

□ 

We end this section with a Lemma which will be useful later. 

Lemma 8.5. Let F 6 i 2 (R x dX), and let F* be the function defined by F*(s,z) = F(—s,z), 
then there exists a function f 6 L 2 C (X) such that F = 3?+(0, /) if and only if 

F = SF*. 

Similarly F = [R_ (0, /) if and only if 

F* = SF. 

Proof. Suppose that F — 3?+(0, /). Notice that the solution it of the Cauchy problem H7.lt 
with data (0,/) is odd in t. Therefore, if v+(s,p, z) = p~ n ~ 1 u(s — 2 log/?, p, z), and V- — 
p~ n ~ 1 u(s + 2 logp, p, z), then u+(— s, p, z) = — w_(s, p, z). Hence (9 s v+)(— s, p, z) = 9 s u_ (s, p, z). 
Therefore F(s, z) = ft+(0, /)(s, z) = ft_(0, /)(-s, z). This implies that F* = 3£_(0, /) and hence 
(0, /) = 3T X F*. So F = £+(0, /) = ft+tt^F*. 

To prove the converse observe that if F = R + (g, /), then F = $.+ (g, 0) + ft+(0, /) = F x +F 2 . 
If F = SF* , then F = SF* + SF 2 * . From the discussion above §F 2 * = F 2 , and one can prove in a 
similar way that Fi = -SF*. This shows that Fy = and by (|8.9|) g = 0. □ 

Definition 8.6. Wzi/i i/ie notation o f Lemma 18. 51 we will denote 

(8.12) M f = {Fe L 2 (R x 9X) : F = SF*}, and M b = {F £ L 2 (R x dX) : F* = SF}. 

9. The Support Theorem 

The goal of this section is to prove 

Theorem 9.1. Let f £ L 2 C (X) and suppose that 3i+(0, f)(s,w) = for s < so <C 0. Then f is 
supported in p > e s °/ 2 . 

The proof of this result is divided into two lemmas: 

Lemma 9.2. Suppose that f £ L 2 C (X) and that 3^+(0, f)(s, x, y, u) = for s < sq <C 0, then 
there exists po > such that f is supported in p > po. 

Lemma 9.3. Suppose that f £ Cq > (X) and that 3i+(0, /)(s, x, y, u) = /or s<s o «0, £/ien / 
is supported in p > e SQ l 2 . 

Suppose these two lemmas have been proved. We now prove Theorem 19. II 
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Proof. We first observe that if q £ S(R) and 3 is the Fourier transform in s, then it follows from 

If G Cq°(M) is even then there exists i\) G S(R) such that 5"0(<t) = ^(cr 2 ). Therefore 

(n + L) 2 

(9.1) 0*Jl + (O,/)=Jl + (O i V(A g - ^ ' )/). 

Since <9 s 2fc * 31+ (0, /) G L 2 (M x fc = 1, 2, then 

(A 9 -^)V(A s -^)/GL 2 (X). 



Since (A s - ^illlj i s elliptic in the interior, it follows that V(A S - &±p-)f G C7°°(X). 

Let / G L 2 ac (X) be such that F(s, to) = 31+ (0, /)(s, u>) = for s < s < 0. Let 4> £ C* °°(R) be 
even and supported in |s| < 1 and J <ft(s) ds — 1. Let </> e (s) = e -1 0(s/e) and F e = <f> e * F, then 
F £ is supported in s > sq — e. On the other hand, in view of 1)9.1(1 there is f e £ L 2 C (X) such that 
3?+(0, / c ) ~ F e . In view of Lemma f c is compactly supported. On the other hand, since / e is 
smooth, Lemma f9 . 31 guarantees that f e is supported in p > e"^ - . Letting e — > it follows that 
/ is supported in p > e s °/ 2 . □ 

Now we prove Lemma 19.31 

Proof. Suppose the initial data is supported in p > pq. By finite speed of propagation the solution 
to 1(7.4(1 is equal to zero in the region 

(9.2) {41ogp-21ogp < s < 21ogp }- 

We have shown that the solution to Eauation l7.4l with compactly supported initial data is smooth 
up to p = 0. By assumption we know that §j(0, s, z) = if s < sq. One can then show that this 
implies that v(p, s, y) vanishes to infinite order at p = provided s < sq. Therefore we deduce 
from 1(9.2(1 that the solution v to 1(7.4(1 vanishes to infinite order at the corner {p = 0} U {s = 
21ogp }- In particular we conclude that v vanishes to infinite order at p + s = 21og j o and is 
supported in the wedge {p > 0} U {s > log po}. Now we want to use a uniqueness theorem that 
would allow us to show that v = in a neighborhood of the set {s = logp , P = 0} x dX. The 
result we need is a particular case of a Theorem due to Alinhac, Theorem 1.1.1 of pQ. We will 
verify that the hypotheses of this theorem are satisfied in this case. 
The principal symbol of the operator Q in 1(7.4(1 is 

1 2 

q = —to — —pr — pp 

where (r, <j, £, ?y, v) is the dual to (p, s, x, y, u), and p = p(p, x, y, u, ^, T], v), is the symbol of the 
Laplacian A^( p j. It follows from 1(5.2(1 and 1(7.7(1 that one can choose local coordinates (x, y, u) 
near a point on zq — (xo, yo,uo) £ dX such that 

(9.3) p = hlJ ~ Vi", m + *jv) + P 2 v 2 + p 2 Pi + 0(p 3 ), 

where p\ does not depend on v 1 and h lJ is a positive definite matrix. It is important to observe 
that p is elliptic if p ^ 0. 

The Hamilton vector field of q is 

H q = -rd s - ad p - ^prd s + (p + pd p p + ^r 2 ^ d T - pH p , 

where H p is the Hamilton vector field of p with respect to the tangential variables, and it does 
not have derivatives in s and p, a or r. 
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Let <j> = s + p — 2 log po, and let {/, g} = Hjg be the Poisson bracket between / and g, then 
(9.4) {q^} = H q <j> = -r - a - ~pr. 

So, for p small, 

(9-5) # = #{ 9 ,*}^= -2 -ip?*0 

We also have 

H 2 q <P = \or + ipr 2 - Jr 2 - (1 + ~p)(p + pd pP ). 



Then, for p small, 



(9.6) g = = => = --r 2 - (1 + p)p - (1 + -p)p9 pP < 
since —pd p p < p, which is a consequence of 

-pd p (pV) = -2pV < 0, |p9 pP i | < p 

for small p. We want to analyze the set A = {q = H q (j> = H^<j) = 0}cT'(Mx X) near p = 0. 
Combining the equations defining A, and the ellipticity of p for p > 0, one concludes that, for 
small p, 

(9.7) A = {q = H q <t> = Hfy = 0} = {p = o = t = p = 0}. 
In local coordinates near a point zq G where (|9.3|l is valid 

(9.8) A = {p = a = t = 0, & = j/j-i/, ?7j = -aiji/}, 
and therefore it is a smooth submanifold. It also follows from Ij9.3|l that 

(9.9) dp = on A. 
One can check that the symbol e given by 



_ 1 „o . 1 

Finally, notice that 



(9.10) e = -^Hg</> + -(H q (f)) 2 > and is transversally elliptic to A. 



H {q,4>} = -C 1 + - ^ - ^ r5 r, 

and so 

(9.11) H{q-4>] i s transversal to A. 

So the following conditions are satisfied near any point (0, 2 logpoj z o) € {p — 0, s = 2 logpo} : 
(|9.5|l . H9.6|l hold, A is a smooth submanifold, (|9.9|l . H9.10|l and l|9.11jl are true. Moreover, u 
is supported in the wedge {p > 0} n {s > 21ogp }7 so the intersection of {<j) — 0} with the 
support of v is compact. Then it follows from Theorem 1.1.1 of I] that v = in a neighborhood 
of the point (0, 2 logpoj Ho, u o)- Using the compactness of dX, we conclude that v = in a 
neighborhood of the set {p = 0, s = 21ogpo}- 

Repeating this argument one concludes that there exists 5 > such that v(p, s, z) = if p < S 
and 21ogpo < s < so- Now we can repeat the argument starting at {p = 8, s = 21ogpo}- This 
is actually easier, because the level surfaces of <j> = s + p are strictly pseudoconvex away from 
p = 0. Therefore Hormander's Theorem, see Theorem 28.3.5 of [55], can be used to show that 
v = in a neighborhood of {p = 8, s = 21og j oo}- This process can be continued to show that 
v = in the region {0 < p < po, 2 log po < s < so}. Now we translate this back to the t variable, 
and using that u is odd in t, we conclude that u{t, z) = in p < po and < t < sq — 21ogpo- 
Now Tataru's theorem in [37] shows that d t u(0, z) — fc{z) = if 21ogp < s . This proves the 
Lemma □ 

Now we prove Lemma 19.21 
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Proof. To extract information about the behavior of v as p — ► and s — * — oo we need to work 
with the compactified equation (|7.6|) . In fact we will work with l(7.23|l which does not have first 
order derivatives in p and v. This is very similar to the proof of Lemma 7.2 of [35| . 

By ()9.1|) , we can assume that the initial data / <G C°° (X). Therefore, by standard regularity for 
solutions to the wave equation, the solution W to (|7.23|) is smooth in the region {p > 0, v > 0}. 
First we will show that, as a distribution, W vanishes to infinite order at {p = 0} U {v = 0}. 
If we knew that W were smooth up to {p = 0} U {v = 0}, then Theorem 1.1.2 of pQ would 
guarantee that W = near {p = v = 0} and this would imply in particular that the initial data 
is supported away from p = 0. However, we do not know this in principle, and we will use the 
fact that (0, /) = in s < sq to show that this is true in a neighborhood of {p. = v = 0}. 

The first step is to show that W which is defined in (0, T) M x (0, T) v x dX, has an extension 

W G H 2k {(~T,T) x (-T,T);H- 2k (dX)), for all k G N, 

which satisfies (|7.23|) . The proof of this fact is identical to the proof of the analogous case done 
in the only ingredient needed here are the energy estimates from LemmaO 

Since we cannot apply Alinhac's theorem directly, we need to verify that the regularity of V 
given by 1)7.2(1 is enough for the methods of to work. We first prove the a Carleman estimate. 
Let u be a smooth function of its arguments that vanishes to infinite order at {p = 0} U {v = 0}. 
Let 

(9.12) Pu = f + HV&h(»u) + fJwFfju*) 

Let u = (p + v^v and let P 7 t> = (p + v)^ 1 P(p + v)^v. Then 

7(7- 1) v 7_ 

4(^ + t/)2 U 4(/x + i/)' 

Let n = [~T,T] x [-T, T] x dX, let (f,g), denote the L 2 {tt) inner product of / and g, and let 



L2(0). Therefore 



MP + £h^)«> tttttta^ + d v )v) 



7(7- i) 

A(p + v) 2 '^ 4(/i+i/)' 

Let Si = {/i = T}, E 2 = = T}. Using Hardy's inequality \\{p + i^ 1 ^ + ^)w|| 2 > 
(9/4) ||(/x + ^) _2 i'|| 2 , and integrating by parts we find that for T small there exists a constant 
C > such that 
(9.13) 

||P 7W || 2 + C 7 / -^|VS| d CT + C 7 / -^|VS;| da> 7 2 ||( A/ + ^- 1 (a A1 + a,)«|| 2 

+ 7 ||( / i + ^- 1 ^|| 2 +7||(M + ^)- 1 ^l| 2 +7 2 ||(M + ^)^H 2 + l|V /l «|| 2 . 
Using that v = (p. + v)~ 1 u 1 we get 
(9.14) 

\\{p + v)-~< Pu\\ 2 + C-{ f p,v{p + v)-i- 1 \V h v\ da + Cj f pv(p + v)-^ 1 \ V h v\ da > 

7 2 ||(M + v)-\% + d„){p + yu\\ 2 + 7 ||(m + u)-%{ji + uy- 1 u\\ 2 + 
7||(M+ v)-%(jm + y-'uW 2 + 7 2 ||(/i + y- 2 u\\ 2 + ||(M+ ^-^uH 2 . 

Now we want to apply this to W which is the solution to 1)7. 23|) . To do that we have to 
regularize W. Let z G dX and let C/ be a neighborhood of Zq. Let V> G Cq°(Uq) with ^(^o) = L 
Let x G Cg°( R"), x (0) = 1 and fx = L Let x*M = S~ n x(w/S), and let u 5 = X5 * (#^)- Then 
we can apply (|9.14|l to 1*5. Now we want to let S — ► 0. This is done, as usual, by using Friedrich's 
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lemma, see for example Theorem 2.4.3 of |23] - To do that we need to know that the right hand 
side of (|9.14l) is finite for some 7 > 0. Since PW — 0, we can use estimates (|7.2[1 . (|7.15f) and 
(|7.16|) to deduce that the left hand side of (|9.14(l is finite for 7 = i. So we deduce that l|9.14[) 
holds with 7 = 1/2 and u = ipW. This implies that we can use Friedrich's lemma when 7 = 3/2, 
and so l|9.14|l holds for u = ipW and 7 ~ 3/2. Then a bootstrapping argument shows that it 
holds for all 7. So we conclude that (|9.14|) holds for ipW, and all 7. Now a standard partition of 
unity argument gives W — in £1 for T small. □ 

The following are consequences of the support theorem which is the key step in the recon- 
struction of the manifold from the scattering matrix. 

Lemma 9.4. Let H± be the forward an backward radiation fields defined above. Let a > be 
small. Then 

M f (a) := 

{£+(0,/);/ G L 2 {X) 1 / = if p < a} = {F e L 2 (R X dX) : F = §F*,F = if s < 21oga} 

M b (a) := 

{3l_(0, /);/<= L 2 {X), f = if p < a} = {F e L 2 {R x dX) : F* = SF, F = if s > -21oga} 



Proof. From Lemma (18.51 F — 3?(0, /) if and only if F = SF* . The support theorem guarantees 
that F — for s < 2 log a if and only if / is supported in p > a. □ 

The following lemma will be very important in the reconstruction of the manifold 
Lemma 9.5. Let M f and M b be the spaces defined in (I8.12|) . Let 

n f (a) : M f — ► M / (a) 

( 9 - 15 ) , , 

n b (a) : M b — ► M b {a) 

be the orthogonal projections. Then for any a G M, (a) and n b (a) are determined by the 
scattering matrix. 

Moreover, there exists 5 > such that if a S [0, 5) and if Xa is the characteristic function of 
the set {p > a}, then, if (X,g) has no eigenvalues, 

(9.16) n'(a)K+(0,/)=3l + (0,Xa/), n b (a)3? + (0,/) = 3?_(0, X a/). 

If(X,g) has eigenvalues there exist a continuous family of finite rank operators T(a) such that 

(9.17) nf(a)%+(0, f) = 3l+(0, X a(I + T(a))f), n b (a)3?_(0, /) = Dl_(0, Xo (J + T(o))/). 

Proof. Since the spaces M* , M* (a), M b and M f, (a) are determined by the scattering matrix, the 
first part is immediate. 

Since IF (a)3l+(0, /) is supported in s > 2 log a, the support theorem guarantees that there 
exists / a € L 2 C (X) supported in p > a such that 

W(a)K+(QJ)=3l + (0,f a ). 

Let g £ Ll c (X) supported in p > a, then 

(n^(a)Dl + (0,/),^ + (0 l5 )) = (f a ,g) = (f,g). 

Then 

(9.18) (f a - f,g) = g e L 2 C (X), supported in p > a. 

If (X,g) has no eigenvalues, then L^ C (X) = L 2 (X). In this case we conclude that /„ = Xaf- 
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When there are eigenfunctions we can only deduce that in p > a, f a — f = J^j c j{ a > f)4>j- I n 
other words, 

n 

fa = Xa(f +^2c j (a,f)cj) j ). 
3 = 1 

Since /„ £ L^.(X), (f a , 4>j) — 0, and so we have 

N 

(9.19) +X)c,-(a, =0- 

3=1 

Since {<f>j}j—i is orthonormal, the system l|9.19|) can be solved for a = 0. Therefore there 
exists 5 > such that it can be solved for a £ [0,(5]. It is clear that the constants Cj depend 
linearly on /. Therefore the operator / i — > EjLi c j( a i D&j is linear and of finite rank. This is 
the operator T(a)f. □ 

10. The Inverse Problem 

In this section we will prove Theorem ll.4l The proof is based on the boundary control theory 
of Belishev, and the key point is the support theorem proved in section [5J 

First note that the result in Theorem 16.31 about the principal symbol of 5(A) implies that 
the pseudo-hermitian structure on dX are the same for (X, g{) and (X,g 2 ) if 5i(A) = 52(A) 
and 5i (A), 52(A) defined from the same conformal representative of [80] ■ Thus the dilation M p 
defined in Subsection l3.4l are the same for both metrics, as well as the metrics ho = 0Q+d9 o (., J.). 

We begin with the following lemma: 

Lemma 10.1. Let (Xj,g±) be ACH manifolds satisfying the hypotheses of Theorem \l-4\ For 
j = 1, 2, there exist diffeomorphisms ipj : [0, e) p x M — > if)j([0, e) x M) C Xj with ijjj({p = 0}) = 
M and 

r S 9 i = d/P + * jip) , M;( P -%(p))\ p=0 = h 

for some smooth family of metrics hj(p) on M in p £ (0, e) and such that M*(p~ 2 hj(p)) are 
smooth metrics on M depending smoothly on p £ [0, e). 

Proof. This is just following Subsection 13. 21 □ 
The next step is to prove 

Proposition 10.2. For j = 1,2, let (Xj,gj) be ACH manifolds satisfying the hypotheses of 
Theorem \1.4l and let hj(p) given by Lemma \lU.l\ Then there exists 8 £ (0,e) such that h\{p) = 
h 2 (p)forp£[0,S). 

Proof. Let F £ M b be such that d 2 s k F £ L 2 (R x dX), for all k £ N. Let a £ R, a < 0. Let 
F = 31+ (0, /). Then, / is C°°, and by Lemma 1531 

3H 1 LT b (a)F = (0, Xaf), if there are no eigenvalues 

DlI 1 n i, (o)F = (0, Xa(I + T{a))f), if there are eigenvalues. 

Therefore 

Ji + JiZ 1 U b (a)F = §U b (a)F = Dl + (0,Xo/), if there are no eigenvalues 

' IU ' ' ' 3?+Dt 1 n b (a)F = §n b (a)F = R + (0,x a {I + T(a))f), if there are eigenvalues 

The left hand side of each equation of 1)10. Q is determined by the scattering matrix. Therefore 
so is the right hand side. The initial data is singular at p = a, and this singularity will travel to 
the boundary as t — > 00. We want to find the singularity of 3i+(0, Xaf) or 3i(0, Xa{I + T(a))f) 
at s = 2 logo. 
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This can be done exactly as in the proof of Lemma 8.9 of [35] > and we find that for a € [0, 6/4], 
with 8 given by Lemma 19.51 

(10.2) 

§U b (a)F(s,z) =X + (0 )Xa f)(s,z) = ^a-'^ 1 f(a, z)\k\i (a,z)\k\~ * (0, z) + 
smoother terms if there are no eigenvalues 

SH b (a)F(s, z) = K+fO, Xa (I + T(a))f)(s, z) = ^-"^(I + T(o))/(a, z)|k|*(o, z)\k\~i (0, z)+ 

smoother terms if there are eigenvalues 
Doing the same with F replaced by d^F we find that 

§H b (a)d 2 s F(s. /Z ) = 3l + (0, Xa (A s - <£±*¥-)f)(8,z) = 
la-"- 1 ((A g -^±^)f) (a,z)\k\i(a,z)\k\-i(0,z)+ 



smoother terms if there are no eigenvalues 

4 



Sn b (a)9 s 2 F( s , z) = ^+(0, Xo (J + T(a))(A g - *) = 



(10.3) 



-a' n -\l + T{a)) ^(A g - "—^)f ) (a, z)|fc|*(a, z)|fc|" 3 M+ 
smoother terms if there are eigenvalues 

Now consider the manifolds (Xx,gx) and (X2, 52) satisfying the hypotheses of Theorem ll.4l Let 
(0, fj) = XljF. Since §1 = S 2 , then, if there are no eigenvalues, 

fx(a, z)|fci|3(a,z)|fci|-3(0,z) = f 2 (a,z)\k 2 \i(a,z)\k 2 \-i{0,z), and 
(A S1 - &±^)fi) (a,*)|fci|i(o,*)|fc 1 |-i(0 ) z) 



(A S2 -^7^)/2)l». •-):/.- M-:)i/-l --0.:) 



4 

Therefore substituting the first equation in the second, we get 

(n + l) 2 



(A 91 - ) (a,z)\hma,z)\ki\-*(0,z) 

(A ff2 - ^^!) (h\h\i\k 2 \-i)'\ ( a ,z)\k 2 \i(a,z)\k 2 \-i(0,z) 

implies that the operators have the same coefficients, and hence \kx\ = \k 2 \ and A gi = A ff2 . 
When there are eigenvalues, we have the following 

(7 + T x {a)) fx (a, z) | A* | * (a, z) | fci | ~* (0, z) = {I + T 2 (a))f 2 (a,z)\k 2 \i{a,z)\k 2 \-i(0,z), and 

(n+1) 2 



(I + Tx(a)) ( (A 9l - y -^-^)h ) (a,z)\kx\*(a,z)\kx\-H0,z) 
(n + 1) 2 



(I + T 2 {a)) ^(A 92 - ^-^-)/ a J (a, z)\k 2 \* (a, z)\k 2 \- * (0, z). 
Hence, proceeding as in the case of no eigenvalues, we obtain 

- i^!)/^ (a,z)\kx\Ha,z)\kx\-Ho,z) 



(A 92 - ^±^-)fx ) (a,z)\k 2 \i(a,z)\k 2 \-H0,z) + Tf(a,z), 
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where T is an operator of finite rank. 

The difference between the term on the left hand side of this equation and the first term of 
the right hand side is a differential operator, while the second term on the right hand side is an 
operator of finite rank. Therefore, the differential operators must be equal. So T = 0, and we 
argue as above to conclude that \k\\ = jfe] and A gi — A ff2 . □ 

Proposition II . 21 shows that there exist e > and a smooth diffeomorphism 

* : M x [0, e) — ► M x [0, e) 

To extend the diffeomorphism '5 to the manifolds X\ and X2, and prove Theorem 11.41 we 
proceed exactly as section 8 of |35| . The only new ingredient is Lemma 16.61 which, as mentioned 
before, is a consequence of Lemma 2.3 of |3"5] . 

11. Appendix 

We give a short proof of the meromorphic extension of parabolically homogeneous distribu- 
tions on H„ = K t X K 2n 

u x (t,z) = (t 2 + \z\ 4 )-\ 5R(A)<0 
to A G C. It is very similar to the usual homogeneous distribution cases (see [221 Th. 3.2.4]). 

Lemma 11.1. The family of parabolically homogenous distributions u\ on H n extends mermor- 
phically to A G C with only poles at each A& = + \k with k € N, the residue of which is a 
distribution of order 2k supported at 0. 

Proof: we consider the action of u\ again / € C^°(H„), it is clear that (x u A,/) is analytic 
in C for any \ 6 C^°(H n ) such that \ — near 0. For the part near 0, we use the parabolic 
coordinates 

(R, u, u) e (0, ex)) x Q -» (R 2 u, Rlu) S H» \ {0}, Q := {u 2 + \lo\ 4 = 1}. 

If v € M" — » 9(v) e S 2,11 ^ 1 is a parameterisation of the 2n — 1 dimensional sphere minus a point, 
then 

(u, «) £ (-1, 1) x R n -> (u, ±(1 - u 2 )36»(w)) 
parameterizes each half of Q and 

V>± : (R,u,v) -> (i? 2 w,±i?(l-u 2 )3 6>(u)) 
can be used as changes of variable to compute 



(1 — x(t, z ))u\{t, z)f(t, z)dtdz. 

'h„ 

The Lebesgue measure pulls back to R 2n+1 G(u 2 )dRdud0 S 2n+i(v) with G(u) := (u + (l — m) 2 )(1 — 
m) Then taking \ with support in {R < 1} and depending only on R, we have to integrate 

J ^ J R- iX+2n+1 (l - x {R))f(R 2 u,±R(l - u 2 )h^G(u 2 )dRdud9 S 2 n -i. 

Then a Taylor expansion of ip±f at R = gives for any N € N (using multi-index a) 

/(i? 2 ii,i?(l-w 2 )^) = ^ (a!i!)- 1 i? 2j +l Q l7/(l- M 2 )^0 a 9j^/(O,O) + O(i? A ') 

2i+|a|<AT 

and integration of ^- 4A + 2n + 1 + 2i +l"l (1 _ x(R)) in (0, 1) extends meromophically to C with pole 
at A = n + 1+l +\ a \/ 2 ; residue is clearly a distribution supported at 0. Remark that for \a\ odd, 
the residue involves the integral of 9 a on S 2n+1 , which is easily seen to be by using change of 
variable 9 — * —6. Note also that the residue of (u\, f) at A& is expressed in terms of derivatives 
<9"/(0, 0) with |a| = 2k plus lower order derivatives, i.e. the principal term does not contain df k 
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derivatives. □ 
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